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Abstract
This work analyzes the Casimir energy of a massive spinor field propagating
in flat space endowed with a spherically symmetric δ-function potential. By
utilizing the spectral zeta function regularization method, the Casimir energy is
evaluated after performing a suitable analytic continuation. Explicit numerical
results are provided for specific cases in which the Casimir energy is unam-
biguously defined. The results described in this work represent a generalization
of the MIT bag model for spinor fields.
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1. Introduction

The Casimir effect, first theorized by H. B. G. Casimir in his famous 1948 paper [1], is one
of the most studied phenomena in the ambit of quantum field theory under the influence of
external fields and boundary conditions. Since the early 1990s, when interest in the Casimir
effect started to truly gain momentum, calculations of the Casimir energy and force were per-
formed for a large number of geometric configurations and boundary conditions (see e.g. the
monographs [2, 3] and references therein). The majority of these investigations, however, have
been focused on the Casimir energy and force for systems consisting of bothmassive andmass-
less scalar fields. spinor fields, on the other hand, have not enjoyed the same level of research
interest. The main reason for this apparent lack of interest resides, most likely, in the fact that
the formalism needed to treat spinor fields is more involved than the one used to study scalar
fields. In fact, the propagation of a quantum field is modeled by an appropriate operator (e.g.
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a first order Dirac operator for spinor fields and a second order Laplace operator for scalar
fields) endowed with a set of boundary conditions (or integrability conditions at infinity in
the unbounded case) which renders the problem self-adjoint. While self-adjoint extensions for
Laplace-type operators are very well studied, those for Dirac operators are more nuanced and
less investigated.

One type of boundary condition that is most often used, as it makes the Dirac operator
self-adjoint in a bounded region of space, is the MIT bag boundary condition [4, 5]. This
boundary condition essentially ensures that the spinor field, while free to propagate inside
a given region, cannot escape through its boundary. The MIT bag boundary condition was
introduced in order to construct a model of quark and gluon confinement in hadrons [6–8].
Since its introduction, theMIT bag has become, effectively, the only physically relevant model
of fermion confinement. In fact, to the best of our knowledge, models of spinors propagating
within a region with a spherical boundary have considered exclusively the MIT bag boundary
condition.

Imposing the MIT bag boundary condition on a Dirac operator acting on spinor fields
propagating in a bounded domain is not the only way of obtaining a self-adjoint system. In fact,
self-adjoint extensions of the Dirac operator can be obtained by introducing point-supported
potentials. This research direction started with the study of the self-adjointness of the Dirac
operator with point-supported potentials in one-dimension [9, 10] and continued with an ana-
logous investigation where the potential has support on a spherical shell in R3 [11]. More
recently, self-adjoint extensions of the Dirac operator have been analyzed for potentials sup-
ported on the boundary of an arbitrary region of R3 [12–14]. Point supported potentials are
of particular interest especially because they can be used to model boundary conditions. In
fact, potentials defined on δ-shells which allow for a complete separation between the interior
and the exterior regions can be used as alternative models of confinement to the MIT bag.
Moreover, there exist a class of δ-shell potentials that permits an interaction between the
interior and exterior regions. The latter potentials could be used to describe a soft bag in which
the interior spinors can escape the δ-shell region. These models could be of great interest since
there exists evidence for quark tunneling between close nucleons (see e.g. [15] and references
therein).

It is the goal of this work to analyze the Casimir effect for massive spinor fields propagating
in R3 under the influence of a spherical δ-shell potential. More specifically, we consider the
Dirac operator coupled with a linear combination of electrostatic and Lorentz scalar poten-
tials supported on a spherical δ-shell. While it is possible, in principle, to investigate the more
general case of potentials supported on the boundary of an arbitrary region of R3, we choose
to focus on the spherical δ-shell in order to present an exactly solvable case and to deal with
a larger set of self-adjoint extensions. The Casimir effect for massive fermionic fields was
analyzed in detail in [16] by using the zeta function regularization method. In that paper, the
authors considered a massive spinor field endowed with the MIT bag boundary condition on
a spherical surface. Our paper serves as an extension of the work performed in [16]. In fact
by considering spinor fields in R3 under the presence of a spherical δ-shell potential, we are
able to compute the Casimir energy for a variety of boundary conditions which are modeled by
selecting particular linear combinations of the electrostatic and Lorentz scalar δ-shell poten-
tials. In is important to mention that we can reproduce the results obtained when the MIT bag
boundary condition is imposed by simply choosing specific values for the parameters of the
linear combination that characterizes the δ-shell potential.

In order to evaluate the Casimir energy for spinor fields under the influence of a δ-shell
spherical potential, we utilize the spectral zeta function regularization method. We focus, in
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this work, on those δ-shell potentials that lead to spinor confinement since they represent a gen-
eralization of theMIT bag model. The outline of the paper is as follows. In the next section, we
outline the mathematical framework of our spinor system and define its spectral zeta function.
Subsequently, we obtain an integral representation for the spectral zeta function and perform
a suitable analytic continuation to a wider region of the complex plane. We then utilize the
analytically continued expressions to analyze the Casimir energy in the massless case. The
conclusions, then, summarize the main results of our paper and point to a few directions for
future research. We would like to mention at this point that, as we will see in the next section,
the evaluation of the spectral zeta function involves the analysis of the characteristic function
which implicitly provides the eigenvalues of the system. The characteristic function is also
known, in the literature, as the mode-generating function.

2. Dirac operator and spectral zeta function

We consider a spinor field of mass m propagating in R3 under the influence of a spherically
symmetric δ-shell interaction. The starting point of our analysis is the free Dirac Hamiltonian
acting on functions in the Hilbert space L2(R3)⊗C4

H0 =−iαi ∂i +mβ, (1)

where αi and β represent the Dirac matrices

β =

(
I 0
0 −I

)
, αi =

(
0 σk
σk 0

)
, (2)

with σk being the Pauli matrices and I and 0 denoting the 2× 2 identity and zero matrices,
respectively. Among all possible self-adjoint extensions, we only consider those that are rota-
tionally and space-reflection invariant. This requirement leads naturally to a decomposition of
the Dirac Hamiltonian into an angular and a radial part. In fact, the state Hilbert space can be
decomposed into an orthogonal sum of subspaces referring to the total angular momentum, its
third component, and the parity as follows [11]

H=
∞⊕

j=1/2

j+1/2⊕
ℓ=j−1/2

j⊕
M=−j

HjℓM

HjℓM =

{
φ ∈H : φ(⃗r) =

1
r

(
f(r)Y+σ

ℓM (θ,ϕ)
ig(r)Y−σ

ℓ ′M(θ,ϕ)

)
; f,g ∈ L2 (R+,dr)

}
,

(3)

where we have introduced the spherical spinors

Yσ
ℓM =


σ

√
2ℓ+ 2Mσ+ 1
2(2ℓ+ 1)

Y
M− 1

2
ℓ (θ,ϕ)√

2ℓ− 2Mσ+ 1
2(2ℓ+ 1)

Y
M+ 1

2
ℓ (θ,ϕ)

 . (4)

In the last formula σ =±1 describes the spin projection, ℓ ′ = ℓ+σ and YMl (θ,ϕ) denotes the
spherical harmonics. We would like to point out that the decomposition in (3) is equivalent to
the one provided in [11] with the only difference stemming from the fact that we have chosen
the radial functions f (r) and g(r) to be in L2 (R+,dr) (in accordance with the monograph [17])
while the radial functions in [11] belong to L2

(
R+,r2dr

)
. In this setting, the Dirac Hamiltonian

has an analogous decomposition

3



J. Phys. A: Math. Theor. 56 (2023) 265201 G Fucci and C Romaniega

H0 =
∞⊕

j=1/2

j+1/2⊕
ℓ=j−1/2

j⊕
M=−j

HjℓM. (5)

The radial part of the operatorHjℓM can then be separated out in each subspaceHjℓM as proved
in [11]. This fact leads to the important assertion that the self-adjoint extensions of the Dirac
HamiltonianH0 can be obtained from those of its radial part. The latter, then, can be explicitly
found by rewriting (1) in spherical coordinates. By performing this procedure, which is well-
known and is described, for example, in [17], the eigenstates of the equation

H0φ = Eφ, (6)

can be written as in (3) with the radial functions satisfying the following set of coupled first
order differential equations(

− d
dr

+
κ

r

)
g(r)+mf(r) = Ef(r),

(
+

d
dr

+
κ

r

)
f(r)−mg(r) = Eg(r),

(7)

which can be decoupled into two ordinary second order differential equations(
d2

dr2
− κ(κ+ 1)

r2
+ p2

)
f(r) = 0, (8)

(
d2

dr2
− κ(κ− 1)

r2
+ p2

)
g(r) = 0, (9)

where the index κ=−σ( j+ 1/2) when ℓ= j−σ/2 [17] and p=
√
E2 −m2. The differential

equations in (8) are of the Bessel type and their general solutions are proportional to cylinder
functions Cν(r) (see e.g. [18], chapter 10). From these last remarks, one can then conclude
that the eigenfunctions of (6) are [17]

φσ(r) =
1√
r

(
iA1Cj−σ−1

2
(pr)Y+σ

ℓM (θ,ϕ)

A2Cj+σ+1
2
(pr)Y−σ

ℓ ′M(θ,ϕ)

)
. (10)

The arbitrary coefficients A1 and A2 are not independent since the radial functions are coupled
according to (7). By substituting the cylinder function solutions into (7) we find

φσ(r) =
A√
r

 iCj−σ−1
2
(pr)Y+σ

ℓM (θ,ϕ)

−σ
√

E−m
E+mCj+σ+1

2
(pr)Y−σ

ℓ ′M(θ,ϕ)

 , (11)

whereA represents an overall normalization constant. As it was proved in [11], any self-adjoint
extension of (5) is characterized by boundary conditions imposed on spinorsϕ ∈ L2(R+)⊗C2,
which are absolutely continuous on (0,R) and (R,∞), of the form

ϕ(R−) = eiαAϕ(R+), (12)

where α ∈ [0,π) and A is a real 2× 2 matrix with detA= 1, or(
c1 c2
0 0

)
ϕ(R−)+

(
0 0
d1 d2

)
ϕ(R+) = 0, (13)
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where the coefficients in the above matrices are real and both matrices are not zero [11]. In
summary, any self-adjoint extension of H0 can be identified by the particular boundary condi-
tion, either of the type (12) or of the type (13) imposed on the radial part of the solutions (11)
that are in L2(R+)⊗C2 and are absolutely continuous on (0,R) and (R,∞). In order to pro-
ceed with the analysis, it is necessary to introduce, at this point, the potential.

Definition 2.1 (δ-shell potential). Let gs and gv be real (coupling) constants, the δ-shell poten-
tial is defined as

V(r) = gsβδ(r−R)+ gvI4δ(r−R). (14)

This potential is constructed as a linear combination of a Lorentz scalar potential (with
coupling constant gs) and an electrostatic δ-shell potential (with coupling constant gv). The
self-adjoint extensions of the operator H0 endowed with the δ-shell potential can be obtained
directly from the self-adjoint extensions of the free operator H0 described above. This occurs
because the δ-shell potential acts as a boundary positioned at R with associated boundary
conditions which are obtained by integrating the eigenvalue equation

(H0 +V(r))φ= Eφ (15)

over the interval (R− ε,R+ ε) and by then taking the limit ε→ 0+. This process leads, for
the δ-shell potential, to the following boundary, or matching, conditions (see [11])[

iτ +
1
2
G
]
ϕσ(R−)+

[
−iτ + 1

2
G
]
ϕσ(R+) = 0, (16)

where

τ =

(
0 1
1 0

)
, and G =

(
g+ 0
0 g−

)
, g± = gv± gs, (17)

and ϕσ represents just the radial part of φσ in (11), that is,

ϕσ(r) =
1√
r

 iCj−σ−1
2
(pr)

−σ
√

E−
E+
Cj+σ+1

2
(pr)

 , E± = E±m. (18)

The important point, now, is that the matching conditions (16) generated by the δ-shell poten-
tial are either of the form (12) or of the form (13) which implies that they characterize any
self-adjoint extension of the Hamiltonian H0 endowed with the potential V(r). We can there-
fore divide the self-adjoint extensions of H0 +V(r) into two distinct classes:

• Non-Confining. This class contains all the self-adjoint extensions characterized by the
boundary conditions (16) and satisfying

det

[
−iτ + 1

2
G
]
= g+g− + 4 ̸= 0. (19)

In this case the matrix
[
−iτ + 1

2G
]
is invertible and the matching conditions (16) can be

expressed as

ϕσ(R+) =
1

g+g− + 4

(
4− g+g− −4ig−
−4ig+ 4− g+g−

)
ϕσ(R−), (20)
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which share the same form as those in (12). These types of boundary conditions allow the
spinors propagating inside the spherical shell to interact with those outside the spherical
shell. In other words, in this case the potential V(r) models a soft wall.

• Confining. This class consists of all the self-adjoint extensions characterized by the boundary
conditions (16) and satisfying, instead,

det

[
−iτ + 1

2
G
]
= g+g− + 4= 0. (21)

By multiplying (16) by the matrix (iτ + 1/2τGτ) and by noticing that τ 2 = I and (τG)2 =
−4I, we obtain the following matching conditions for the interior of the spherical region[

I− 1
2
τG
]
ϕσ(R−) = 0. (22)

On the other hand, by multiplying (16) by the matrix (iτ − 1/2τGτ)we obtain the matching
conditions for the region outside the spherical shell[

I+
1
2
τG
]
ϕσ(R+) = 0. (23)

It is clear that in this case the above matching conditions lead to confinement as the spinor
field propagating in the interior of the shell and the one propagating in the exterior are com-
pletely independent. In this situation the potential models an impenetrable wall.

Before we proceed with the analysis of the spectral zeta function we would like to provide
a physical interpretation of the matching conditions (22) and (23) (see [19, 20]). A δ-shell
potential is defined as impenetrable if the spinors confined either in the interior or the exterior
of the shell at t= 0 remain confined in their respective regions for all t ∈ R+. In other words,
the interior and exterior states are invariant under the time evolution operator [11, 13]. In the
MIT bag conditions the matrix G in (17) reduces to 2I. In this case the impenetrability con-
ditions (22) imply that the flux of the fermion current through the δ-shell vanishes (see e.g.
[4]). The MIT condition, then, simply generalizes to fermions the Dirichlet boundary condi-
tion since the latter is incompatible with the Dirac equation [4]. The general matching condi-
tions (22) and (23) describe, instead, all types of localized impenetrable potentials which keep
interior and exterior fermions from traversing the δ-shell. In particular, the general matching
conditions (22) and (23) imply, just like in the MIT case, that the flux of the fermion current
through the shell vanishes. In fact, since the δ-shell potential is static, in the rest frame of a
point on the surface of the δ-shell, ni represents the ordinary space normal and n0 = 0 [4].
The matching conditions (22) applied to the total spinor φ in (11) (consisting of its radial and
angular parts) are [14][

iσjnj+
1
2
G
]
φ= 0. (24)

By using the fact that (σjnj)2 = I we have[
I+

i
2
γjnjG̃

]
φ= 0, (25)
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where γi = βσi and G̃ = βG. By noticing that G̃† = G̃, the Dirac adjoint of the matching con-
dition (25) has the form

φ̄

[
I− i

2
G̃γjnj

]
= 0, (26)

with φ̄= φ†β. By multiplying (25) by φ̄G̃/2 from the left and (26) by G̃φ/2 from the right
and by adding the resulting expressions we obtain

i
2
nj[ψ̄γ

jψ] = 0, (27)

where we have defined ψ = G̃φ. Let us, now, write explicitly the current that appears in (27).
By noticing that G̃ = gsI+ gvβ we have

ψ̄γjψ = φ̄[g2sγ
j+ gsgv(γ

jβ+βγj)− g2vγ
j]φ= (g2s − g2v)φ̄γ

iφ. (28)

By substituting this result in (27) and by recalling that in the confinement case g2s − g2v = 4 we
finally obtain

2injφ̄γ
jφ= 0, (29)

which implies that the flux of the fermion current through the δ-shell vanishes. Obviously
a similar interpretation is valid for the matching conditions (23). In summary, the matching
conditions (22) and (23) represent all possible constraints that can be imposed on a spinor
field which will not allow any fermion current through the δ-shell.

In this paper we will focus our attention to the confining case since it is mathematically
less involved and it contains, as a particular case, the MIT bag model. In order to analyze
the Casimir energy of this system we utilize the spectral zeta function constructed from the
eigenvalues of the equation (15) endowed with the matching conditions (22) and (23). Since
in the confining case the interior and exterior of the spherical shell are independent, we have
two sets of eigenvalues that define an interior and an exterior spectral zeta function as follows:

ζ(int\ext)(s) =
∑

E(int\ext)

E−2s. (30)

According to the general theory of spectral functions [21], (30) is analytic in the semi-
plane ℜ(s)> 3/2 and can be analytically extended to the left of the abscissa of convergence
ℜ(s) = 3/2 to a meromorphic function with only isolated simple poles. Once the analytically
continued expression for the spectral zeta function is obtained, one can compute the Casimir
energy by following, for instance, [21, 22].

The eigenvalues needed for the construction of the interior and exterior zeta functions can
be obtained, implicitly, from the matching conditions (22) and (23), respectively. The matrix
in the matching conditions (22) is singular since g+g− + 4= 0. This implies that the two
equations it generates are equivalent. The same exact argument holds for (23). By utilizing a
simple row reduction argument one can prove that the conditions (22) and (23) reduce to(

1 ± i
2g−

0 0

)
ϕσ(R±) = 0, (31)

which, by setting g− =−2, reduces to the MIT bag boundary conditions. The explicit form of
the matching conditions (31) allows us to prove the following two results.
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Lemma 2.1. The characteristic function for the spinor field associated with the interior region
r ∈ (0,R) is given by

fσ(p,R) = Jj−σ−1
2
(pR)+

σg−
2

√
E−

E+
Jj+σ+1

2
(pR). (32)

The eigenvalues of the Dirac Hamiltonian in the interior region are the real zeroes of fσ(p,R).

Proof. In the interior of the spherical shell, the appropriate cylinder functions to choose are
the Bessel functions of the first kind since they are finite at r= 0. This implies that the interior
eigenstates are given by

ϕσint(r) =
1√
r

 i Jj−σ−1
2
(pr)

−σ
√

E−
E+
Jj+σ+1

2
(pr)

 . (33)

By imposing the interior matching conditions from (31) we obtain the characteristic func-
tion (32). The zeroes of (32) provide, then, the eigenvalues of (15) in the interior of the spher-
ical shell.

The characteristic function associated with the exterior of the spherical shell is slightlymore
involved to obtain. In fact, we have

Lemma 2.2. The characteristic function for the spinor field associated with the exterior region
r ∈ (R,∞) is given by

Fσ(p,R, R̄) =
f(1)σ (pR)g(2)σ (pR̄)− f(2)σ (pR)g(1)σ (pR̄)

g(2)σ (pR̄)− g(1)σ (pR̄)
, (34)

where

f(i)σ (pR) = h(i)
j−σ−1

2

(pR)− σg−
2

√
E−

E+
h(i)
j+σ+1

2

(pR),

g(i)σ (pR̄) = h(i)
j−σ−1

2

(pR̄)−σ

√
E−

E+
h(i)
j+σ+1

2

(pR̄), (35)

for i = {1,2}. The eigenvalues of the Dirac Hamiltonian in the exterior region are the real
zeroes of Fσ(p,R, R̄) when R̄→∞.

Proof. For the exterior of the spherical shell, the appropriate cylinder functions to consider are
combinations of Riccati–Hankel functions of first and second kind which represent outgoing
and incoming spherical waves. The eigenstates are, therefore, written in the form

ϕσext(r) =
1√
r

 i
[
Ah(1)

j−σ−1
2

(pr)+Bh(2)
j−σ−1

2

(pr)
]

−σ
√

E−
E+

[
Ah(1)

j+σ+1
2

(pr)+Bh(2)
j+σ+1

2

(pr)
]
 . (36)

We impose now the interior matching conditions from (31) to obtain the relation

Ah(1)
j−σ−1

2

(pR)+Bh(2)
j−σ−1

2

(pR)− σg−
2

√
E−

E+

[
Ah(1)

j+σ+1
2

(pR)+Bh(2)
j+σ+1

2

(pR)
]
= 0. (37)

Since the region outside the spherical shell is unbounded, the spectrum of the Hamiltonian
in (15) is continuous [11]. In order to obtain a discrete spectrum and, consequently, be able to
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construct the spectral zeta function associated with the region outside the spherical shell, we
enclose the entire system inside a large sphere of radius r= R̄ [23, 24]. The auxiliary large
sphere renders the outside region finite which allows us to obtain a characteristic function for
the exterior eigenvalues once boundary conditions are imposed at r= R̄. The specific boundary
conditions to impose on the large sphere are irrelevant. In fact, once the spectral zeta function
for the exterior region is constructed, one takes the limit R̄→∞ which is independent of the
boundary conditions imposed at r= R̄ [23]. By imposing, for simplicity, MIT bag boundary
conditions on ϕσext(r) at r= R̄ we obtain a second relation

Ah(1)
j−σ−1

2

(pR̄)+Bh(2)
j−σ−1

2

(pR̄)−σ

√
E−

E+

[
Ah(1)

j+σ+1
2

(pR̄)+Bh(2)
j+σ+1

2

(pR̄)
]
= 0. (38)

The linear system consisting of (37) and (38) has a non-trivial solutions for the coefficientsA
and B if

f(1)σ (pR)g(2)σ (pR̄)− f(2)σ (pR)g(1)σ (pR̄) = 0. (39)

In the limit R̄→∞, the relation (39) does not yet provide implicitly the exterior eigenvalues
of the δ-shell system. This occurs because in the limit R̄→∞ one obtains a continuous con-
tribution to the spectrum that originates from the solutions of the free Dirac Hamiltonian [21,
23]. To eliminate this spurious contribution, we impose MIT bag boundary conditions on the
free solution of the Dirac Hamiltonian at r= R̄ [21] to obtain the relation

g(2)σ (pR̄)− g(1)σ (pR̄) = 0, (40)

which generates the continuous spectrum as R̄→∞. The discrete exterior spectrum is then
obtained in the limit R̄→∞ from the zeroes of the characteristic function in (34).

The results presented above can be used to obtain the expression of the interior and exterior
spectral zeta function according to the following

Theorem 2.3. The interior and exterior spectral zeta function associated with the Dirac
Hamiltonian endowed with the δ-shell potential are, respectively,

ζ(int)(s) =
1
2π i

∞∑
j=1/2,3/2,···

(2j+ 1)
ˆ
γ(int)

(p2 +m2)−s ∂

∂p
ln

[
p−4j

∏
σ=±1

fσ(p,R)f
(ant)
σ (p,R)

]
dp,

(41)

and

ζ(ext)(s) = lim
R̄→∞

1
2π i

∞∑
j=1/2,3/2,···

(2j+ 1)
ˆ
γ(ext)

(p2 +m2)−s

× ∂

∂p
ln

[
p4( j+1)

∏
σ=±1

Fσ(p,R, R̄)F (ant)
σ (p,R, R̄)

]
dp, (42)

where γ(int) and γ(ext) represent contours that enclose, in the counterclockwise direction, all
the zeroes of the total characteristic function in square parentheses in (41) and in (42), respect-
ively. The integral representations (41) and (42) are valid, by construction, in the region
ℜ(s)> 3/2.

Proof. As we have shown in the previous lemmas, the characteristic functions found in (32)
and (56) provide the eigenvalues of the Dirac Hamiltonian for the spinor field. However, in
order to construct the appropriate spectral zeta function used to compute the Casimir energy
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of the system, we need to include the eigenvalues associated with the anti-spinor field as well.
This is not a very difficult task since we can obtain the relevant expressions for the anti-spinor
field by simply performing the replacement σ→−σ, E→−E and gv →−gv in the corres-
ponding expressions for the spinor field as proved in [17]. This implies that the interior and
exterior characteristic functions for anti-spinors, namely f(ant)σ (p,R) and F (ant)

σ (p,R, R̄) are
obtained from (32) and from (34), respectively, by exploiting the replacement σ→−σ and
E→−E. The total interior and exterior characteristic functions are obtained as the product of
the one for spinors and the one for anti-spinors in the interior and exterior regions, respectively.
By using the argument principle, as outlined, for instance, in [21], we obtain the interior and
exterior spectra zeta functions (41) and (42) in terms of the total characteristic functions. The
prefactors p−4j in (41) and p4( j+1) in (42) are needed in order to avoid contributions coming
from the origin in the process of contour deformation (see e.g. [21]). They are obtained by
analyzing the small-p behavior of the total characteristic functions.

We would like to point out that since MIT boundary conditions are obtained by setting
gs = 2 and gv = 0, the characteristic functions satisfy the simple relations

f(ant)σ=1 (p,R)f
(ant)
σ=−1(p,R) = fσ=1(p,R)fσ=−1(p,R),

f(ant)σ=1 (p,R)fσ=1(p,R) = f(ant)σ=−1(p,R)fσ=−1(p,R).

This implies that in order to include the anti-spinor contribution to the zeta function in the
MIT case it is sufficient to simply multiply the spinor characteristic function by a factor of 2
[16, 22].

3. Analytic continuation of the spectral zeta function

Aswewill point out in the next section, in order to evaluate the Casimir energy of the systemwe
need to analytically continue the representations (41) and (42) to a neighborhood of the point
s=−1/2. The process of analytic continuation of the integral representations (41) and (42) is
rather standard (see e.g. [21]) and consists, essentially, of two steps. The first is a deformation
of the integration contour to the imaginary axis, the result of which is contained in the following

Lemma 3.1. The interior and exterior spectral zeta function possess the integral representa-
tions

ζ(int)(s) =
sin(π s)
π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

m
(p2 −m2)−s ∂

∂p
(43)

× ln

[
p−2j

(
I2
j−σ−1

2
(pR)+

g2−
4
I2
j+σ+1

2
(pR)− mg−

p
Ij−σ−1

2
(pR)Ij+σ+1

2
(pR)

)]
dp,

and

ζ(ext)(s) =
sin(π s)

π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

m
(p2 −m2)−s ∂

∂p
(44)

× ln

[
p2j+2

(
K2
j−σ−1

2
(pR)+

g2−
4
K2
j+σ+1

2
(pR)− mg−

p
Kj−σ−1

2
(pR)Kj+σ+1

2
(pR)

)]
dp,

which are valid in the strip 1/2< ℜ(s)< 1.

10
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Proof. For the interior region, by noticing that

fσ
(
e±

iπ
2 p,R

)
f(ant)−σ

(
e±

iπ
2 p,R

)
= σe±iπ

[
I2
j−σ−1

2
(pR)+

g2−
4
I2
j+σ+1

2
(pR)− mg−

p
Ij−σ−1

2
(pR)Ij+σ+1

2
(pR)

]
, (45)

where Iν(x) represents the modified Bessel function of the first kind, a deformation to the
imaginary axis of the integration contour γ(int) in (41) leads to the integral representation (43).

For the spectral zeta function associated with the outside of the spherical shell, a deforma-
tion of the integration contour γ(int) to the imaginary axis leads to the expression

ζ(ext)(s, R̄) =
∑
µ=±1

µeµiπ s

2π i

∞∑
j=1/2,3/2,···

(2j+ 1)
ˆ ∞

m
(p2 −m2)−s ∂

∂p
(46)

× ln

[(
e−

µiπ
2 p
)4j+2 ∏

σ=±1

Fσ

(
e−

µiπ
2 p,R, R̄

)
F (ant)

σ

(
e−

µiπ
2 p,R, R̄

)]
dp.

At this stage we can perform the limit R̄→∞ as required in (42). By using the following
asymptotic behavior of the Riccati–Hankel functions ([18], section 10.17)

h(α)ν

(
e

µiπ
2 x
)
= e(−1)αµx

[
1+O

(
1
x

)]
, (47)

for α= {1,2} and x ∈ R, one can show that

lim
R̄→∞

Fσ

(
e
iπ
2 p,R, R̄

)
= f(1)σ

(
e
iπ
2 pR

)
,

lim
R̄→∞

Fσ

(
e−

iπ
2 p,R, R̄

)
= f(2)σ

(
e−

iπ
2 pR

)
, (48)

and similar limits hold forF (ant)
σ (e−

µiπ
2 p,R, R̄). The representation (46) together with the above

limits allows us to write

ζ(ext)(s) = − e−iπ s

2π i

∞∑
j=1/2,3/2,···

(2j+ 1)
ˆ ∞

m
(p2 −m2)−s ∂

∂p

× ln

[(
e
iπ
2 p
)4j+2 ∏

σ=±1

f(1)σ

(
e
iπ
2 p,R

)
f(1),(ant)σ

(
e
iπ
2 p,R

)]
dp

+
eiπ s

2π i

∞∑
j=1/2,3/2,···

(2j+ 1)
ˆ ∞

m
(p2 −m2)−s ∂

∂p

× ln

[(
e−

iπ
2 p
)4j+2 ∏

σ=±1

f(2)σ

(
e−

iπ
2 p,R

)
f(2),(ant)σ

(
e−

iπ
2 p,R

)]
dp. (49)

By noticing that

f(i)σ

(
e±

iπ
2 p,R

)
f(i),(ant)−σ

(
e±

iπ
2 p,R

)
=
[
h(i)
j−σ−1

2

(
e±

iπ
2 pR

)]2
−
g2−
4

[
h(i)
j+σ+1

2

(
e±

iπ
2 pR

)]2
±σ

mg−
ip

h(i)
j−σ−1

2

(
e±

iπ
2 pR

)
h(i)
j+σ+1

2

(
e±

iπ
2 pR

)
, (50)

11
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and by using the relations [18]

h(1)ν

(
e
iπ
2 pR

)
=

2
iπ
e−

iπν
2 Kν(pR),

h(2)ν

(
e−

iπ
2 pR

)
=− 2

iπ
e
iπν
2 Kν(pR), (51)

where Kν(z) denotes the modified Bessel function of the second kind, one can obtain (44)
from (49).

It is instructive to notice that in the particular case of the MIT bag conditions, namely when
g− =−2, the contributions to the integral representation (43) coming from the two values of
σ are identical and therefore it reduces to the same integral representation found in [16]. A
similar occurrence happens in the exterior case; in fact, when g− =−2 the expression (44)
reduces to the result obtained in [16] for the MIT bag conditions. In addition, it is interesting
to notice that the spectral zeta function for the exterior region can be obtained from the one in
the interior region by simply performing the substitution Iν(z)→ Kν(z), a fact that was also
mentioned in [16].

The second step in the process of analytic continuation consists in the subtraction, and then
addition, of a suitable number of terms of the uniform asymptotic expansion of the derivative
appearing in the integral representations (43) and (44). This process leads to the

Theorem 3.2. Let N ∈ N+. The interior and exterior spectral zeta functions are expressed, in
the semi-plane ℜ(s)> (3−N)/2, as

ζ(int)/(ext)(s) = Z(int)/(ext)(s)+
N∑

i=−1

A(int)/(ext)
i (s). (52)

where Z(int)/(ext)(s) are analytic functions for ℜ(s)> (3−N)/2 given in (58) and (59) and
A(int)/(ext)
i (s) are meromorphic functions of s ∈ C with isolated simple poles provided in (60)–
(63) and (65)–(67).

Proof. In order to evaluate the asymptotic expansions, we need to use the relations [18]
(Chapter 10, section 29)

Kν+1(z) =
ν

z
Kν(z)−K ′

ν(z),

Iν+1(z) =−ν
z
Iν(z)+ I ′ν(z),

(53)

so that the modified Bessel functions with a j+ 1 index appearing in (43) and (44) can be
rewritten in terms of quantities with only a j index. More explicitly, by using (53) in (43)
and (44) one obtains, after the change of variables pR→ zj, the representations

ζ(int)/(ext)(s) =
sin(π s)

π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s
∂

∂z
ln
[
G(int)/(ext)
j,σ (z)

]
dz,

(54)

12
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where we have defined

G(int)
j,σ (z) = z−2j

{
I2j (zj)

[(
g2−
4

+
1
z2

)
σ− +

(
1+

g2−
4z2

)
σ+ +

mRg−
z2j

]

+(I ′j )
2(zj)

[
σ− +

g2−
4
σ+

]
− 2
z
Ij(zj)I

′
j (zj)

[
σ− +

g2−
4
σ+ +

mRg−
2j

]}
, (55)

and

G(ext)
j,σ (z) = z2j+2

{
K2
j (zj)

[(
g2−
4

+
1
z2

)
σ− +

(
1+

g2−
4z2

)
σ+ − mRg−

z2j

]

+(K ′
j )

2(zj)

[
σ− +

g2−
4
σ+

]
− 2
z
Kj(zj)K

′
j (zj)

[
σ− +

g2−
4
σ+ − mRg−

2j

]}
, (56)

with

σ± =
1±σ

2
. (57)

By subtracting and then adding the first N terms of the uniform asymptotic expansion of the
characteristic functions in (55) and (56), derived in appendix A, we obtain the expression (52)
for the interior and exterior spectral zeta functions. The functions Z(int)/(ext)(s) read

Z(int)(s) =
sin(π s)
π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s

× ∂

∂z

{
lnG(int)

j,σ (z)− ln

[
e2jη(1+ z2)1/2(1− t)

π j z2j+2
Ω

(int)
0,σ (t)

]

− ln

[
1−

∞∑
k=1

Ω
(int)
k,σ (t)

Ω
(int)
0,σ (t)

j−k

]}
dz (58)

and

Z(ext)(s) =
sin(π s)
π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s

× ∂

∂z

{
lnG(ext)

j,σ (z)− ln

[
π e−2jη(1+ z2)1/2(1+ t)

j z−2j
Ω

(ext)
0,σ (t)

]

− ln

[
1−

∞∑
k=1

Ω
(ext)
k,σ (t)

Ω
(ext)
0,σ (t)

j−k

]}
dz, (59)

which are, by construction, analytic functions in the semi-plane ℜ(s)> (3−N)/2. The
remaining functions, A(int)/(ext)

i (s), are meromorphic in the complex plane and contain all the
information about the simple poles of the spectral zeta function. The expressions for the interior
functions are

13
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A(int)
−1 (s) = 4

sin(π s)
π

∞∑
j=1/2,3/2,···

j(2j+ 1)
ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s(√
1+ z2 − 1

z

)
dz, (60)

A(int)
0 (s) = a0(s)+ b0(s), (61)

where we have defined

a0(s) =−2
sin(π s)
π

∞∑
j=1/2,3/2,···

(2j+ 1)
ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s
∂

∂z
ln
[√

1+ z2 + 1
]
dz,

b0(s) =
sin(π s)
π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s
∂

∂z
ln
[
Ω

(int)
0,σ (t)

]
dz.

(62)

For i⩾ 1 we obtain, instead,

A(int)
i (s) =

sin(π s)
π

∞∑
j=1/2,3/2,···

j−i(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s
∂

∂z

[
D(int)
i,σ (t)

]
dz, (63)

where the functions D(int)
i,σ (t) can be determined by the cumulant expansion

ln

[
1−

∞∑
k=1

Ω
(int)
k,σ (t)

Ω
(int)
0,σ (t)

j−k

]
≃

∞∑
k=1

D(int)
k,σ (t)

jk
. (64)

For the exterior functions one finds, instead,

A(ext)
−1 (s) =−A(int)

−1 (s), (65)

A(ext)
0 (s) =−a0(s)+ b0(s), (66)

where b0(s) appears in the exterior case as well because of the relation (113) and the fact that
b0(s) in (62) contains the sum of both spin projections. When i⩾ 1, we get

A(ext)
i (s) =

sin(π s)
π

∞∑
j=1/2,3/2,···

j−i(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

[(
zj
R

)2

−m2

]−s
∂

∂z

[
D(ext)
i,σ (t)

]
dz, (67)

where, similarly to the interior case, the functions D(ext)
i,σ (t) are found through the relation

ln

[
1−

∞∑
k=1

Ω
(ext)
k,σ (t)

Ω
(ext)
0,σ (t)

j−k

]
≃

∞∑
k=1

D(ext)
k,σ (t)

jk
. (68)

Unfortunately, there is no closed-form expression for the integrals (60)–(63) and (65)–(67)
which is valid for all values of the mass m. We can, however, find a small-m expansion.

Lemma 3.3. The small-m asymptotic expansion of the meromorphic terms in the analytic
continuation of the interior and exterior spectral zeta function (52) is of the form

A(int)/(ext)
i (s) =

∞∑
k=0

A
(int)/(ext)
i,k (s,R)(mR)2k, (69)

where the coefficient functionsA
(int)/(ext)
i,k (s,R) are provided in (70), (71), (77), (84) and (86).
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Proof. Since the terms A(int)
−1 (s) and a0(s) also appear in the analytic continuation of the spec-

tral zeta function for the MIT bag case, their small-m expansion can be found in [16] and are
obtained by following the procedure described in details in section 3.1 of [21]. One, therefore,
has

A(int)
−1 (s) =

R2s

√
πΓ(s)

∞∑
k=0

(−1)k(mR)2k

k!
Γ(k+ s− 1/2)

k+ s

[
2ζH

(
2s+ 2k− 2;

1
2

)
+ζH

(
2s+ 2k− 1;

1
2

)]
, (70)

and

a0(s) =− R2s

√
πΓ(s)

∞∑
k=0

(−1)k(mR)2k

k!
Γ(k+ s+ 1/2)

k+ s

[
2ζH

(
2s+ 2k− 1;

1
2

)
+ ζH

(
2s+ 2k;

1
2

)]
.

(71)

In order to obtain the small-m expansion of the remaining functions, we need to use the results
outlined in the appendices. By rewriting the integral of b0(s) in (62) in terms of the variable t
and by then performing the change of variables t= tju, with tj given in (142), one obtains

b0(s) =− sin(π s)
π

R2s
∞∑

j=1/2,3/2,···

j−2s(2j+ 1)t2sj
∑
σ=±1

ˆ 1

0
u2s
(
1− u2

)−s ∂

∂u
ln
[
Ω
(int)
0,σ (tju)

]
du. (72)

By recalling the form of Ω(int
0,σ(z) in (110), we find

∂

∂u
ln
[
Ω

(int/ext)
0,σ (tju)

]
=

(
4− g2−

)
tj

σ
(
4+ g2−

)
+
(
4− g2−

)
tju
, (73)

and the integral in (72) becomes

b0(s) =− sin(π s)
π

R2s
∞∑

j=1/2,3/2,···

j−2s(2j+ 1)
∑
σ=±1

βσt
2s+1
j

ˆ 1

0
u2s
(
1− u2

)−s
(1+βσtju)

−1 du.

(74)

where

βσ = σ
4− g2−
4+ g2−

. (75)

It is not very difficult to realize that the integral in (74) is of the form (141) with n= 1 and
α= 0. By using the result (148) we get

b0(s) =− sin(π s)
π

R2s
∞∑

j=1/2,3/2,···

j−2s(2j+ 1)
∑
σ=±1

βσ

∞∑
p=0

Λp(s,0,1,βσ)

(
mR
j

)2p

. (76)

The sum over the parameter j can be computed in terms of the Hurwitz zeta function to obtain

b0(s) =− sin(π s)
π

R2s
∑
σ=±1

βσ

∞∑
p=0

Λp(s,0,1,βσ)(mR)
2p

[
ζH

(
2s+ 2p− 1,

1
2

)

+ζH

(
2s+ 2p,

1
2

)]
. (77)
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The small-m expansion of the functions A(int)
i (s) can be found by following the computation

outlined for b0(s). From appendix B one finds that the general form of the functions D(int)
k,σ (t)

is

D(int)
k,σ (t) =

22k(4+ g2−)
−ktk

(1+βσt)k

3k∑
l=0

c(int)k,l (mR,σ)tl, (78)

where the coefficients c(int)k,l (mR,σ) can be read off the expressions forD(int)
k,σ (t) in appendix A,

and can be written as

c(int)k,l (mR,σ) =
k∑

q=0

d(int)q,σ (k, l)(mR)q. (79)

By re-expressing the integral for A(int)
i (s) in (63) in terms t, and by subsequently changing

variable t→ tju, we obtain

A(int)
i (s) =

sin(π s)
22iπ

R2s(4+ g2−)
−i

∞∑
j=1/2,3/2,···

j−2s−i(2j+ 1) (80)

×
∑
σ=±1

3i∑
l=0

c(int)i,l (mR,σ)
[
iβσIi+1(s, i+ l)− (l+ i)Ii(s, i+ l− 1)

]
.

The relation (148) allows us to get the following expression

A(int)
i (s) =

sin(π s)
22iπ

R2s(4+ g2−)
−i

∞∑
j=1/2,3/2,···

j−2s−i(2j+ 1)

×
∑
σ=±1

3i∑
l=0

c(int)i,l (mR,σ)
∞∑
p=0

(
mR
j

)2p [
iβσΛp(s, i+ l, i+ 1,βσ)

− (l+ i)Λp(s, i+ l− 1, i,βσ)
]
. (81)

The sum over j can be performed and expressed in terms of the Hurwitz zeta function to obtain

A(int)
i (s) =

sin(π s)
22iπ

R2s(4+ g2−)
−i

∞∑
n=0

(mR)2nτ (int)n,i (s,mR)

×
[
2ζH

(
2s+ i+ 2n− 1,

1
2

)
+ ζH

(
2s+ i+ 2n,

1
2

)]
, (82)

with

τ
(int)
n,i (s,mR) =

∑
σ=±1

3i∑
l=0

c(int)i,l (mR,σ)
[
iβσΛn(s, i+ l, i+ 1,βσ)− (l+ i)Λn(s, i+ l− 1, i,βσ)

]
.

(83)

By recalling from (79) that c(int)i,l (mR,σ) is a polynomial inmR, we can finally write the small-m
expansion

A(int)
i (s) =

sin(π s)
22iπ

R2s(4+ g2−)
−i

∞∑
n=0

(mR)nT(int)n,i (s), (84)
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where

T(int)n,i (s) =
[n/2]∑
l=0

[
2ζH

(
2s+ i+ 2l− 1,

1
2

)
+ ζH

(
2s+ i+ 2l,

1
2

)]

×
∑
σ=±1

3i∑
j=0

d(int)n−2l,σ(i, j)
[
iβσΛl(s, i+ j, i+ 1,βσ)− (i+ j)Λl(s, i+ j− 1, i,βσ)

]
. (85)

By exploiting the relations (65) and (66), the small-m expansion for A(ext)
−1 (s) and for A(ext)

0 (s)

can be immediately obtained from those for A(int)
−1 (s) and A(int)

0 (s), respectively. For A(ext)
i (s)

we have, instead,

A(ext)
i (s) =

sin(π s)
22iπ

R2s(4+ g2−)
−i

∞∑
n=0

(mR)nT(ext)n,i (s), (86)

where T(ext)n,i (s) are obtained from (85) by replacing the coefficients d(int)k,σ (i, j) with d(ext)k,σ (i, j),
the latter being obtained from the relations for the exterior region in the appendix A.

4. Casimir energy in the confining case

The analytic continuation (52) together with the explicit small-m expansions (70), (71), (77),
(84), and the corresponding ones for the exterior region, can now be used to compute the
Casimir energy of a spinor field under the influence of a confining δ-shell potential. In the
framework of the spectral zeta function regularization the Casimir energy can be extracted by
analyzing the zeta function of the system in a neighborhood of s=−1/2 [21, 22]. In the case
of the Dirac spinor under the influence of the δ-shell potential the expression for the Casimir
energy is

ECas = Eint
Cas +Eext

Cas = lim
ε→0

−µ2ε

2

[
ζ(int)

(
ε− 1

2

)
+ ζ(ext)

(
ε− 1

2

)]
. (87)

As the reader might have noticed in the previous section the spectral zeta function develops,
in the process of analytic continuation, a simple pole at s=−1/2. This is a general feature of
the zeta function regularization method [21, 22] and implies that the right-hand-side of (87)
has the small-ε behavior

−µ2ε

2

[
ζ(int)

(
ε− 1

2

)
+ ζ(ext)

(
ε− 1

2

)]
=−1

2

(
1
ε
+ lnµ2

)[
Resζ(int)

(
−1
2

)
+Resζ(ext)

(
−1
2

)]
− 1

2

[
FPζ(int)

(
−1
2

)
+FPζ(ext)

(
−1
2

)]
+O(ε), (88)

where FPζ denotes the finite part of the zeta function. It is clear from the last formula that the
Casimir energy of the system, given by the limit in (87), is well-defined when the sum of the
residues of the interior and exterior zeta functions at the point s=−1/2 vanishes. If this sum of
the residues does not vanish, then the Casimir energy can be defined after a suitable renormal-
ization of the theory. We refer to [16] for a detailed description of the renormalization process.
In order to select the configurations for which the Casimir energy is a well-defined quantity,
we compute the total residue of the spectral zeta function at s=−1/2 and consider only those
matching conditions that lead to a vanishing total residue. For a subset of these configurations,
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we then compute the finite part of the spectral zeta function at s=−1/2 which provides us
with the Casimir energy of the spinor field. As a consistency check, throughout this section,
we compare our findings for g− =−2 with the ones found for MIT bag boundary conditions
in [16]. We would like, at this point, to offer a few remarks regarding the coefficients of the
heat kernel asymptotic expansion associated with our system. It is well known that the heat
kernel coefficients provide the minimal set of counterterms necessary for the renormalization
of a system in the ambit of quantum field theory [21, 25]. According to the general theory
of the spectral zeta function (see e.g. [21, 25]), if P is a strongly elliptic second-order differ-
ential operator defined on a smooth compact Riemannian manifold with a smooth boundary
and local boundary conditions then the coefficients Ai of the small-t asymptotic expansion of
Tre−tP can be extracted from the spectral zeta function ζP(s) associated with the operator P
according to the formulas

A D
2 −s = Γ(s)resζP(s), (89)

with s= (D− k)/2, k= {0, . . . ,D− 1} and s=−(2l+ 1/2), l ∈ N0, and

A D
2 +p

=
(−1)p

p!
ζP(−p), p ∈ N0. (90)

Since in the previous sections we have derived the analytic continuation of the spectral zeta
function associated with the spinor field propagating in R3 under the influence of the δ-
potential, we can use the last two formulas to discuss the heat kernel coefficients associated
with our fermion system. It is important, however, to recall that a well-defined heat kernel
expansion exists for suitable operators on smooth compact manifolds with or without a bound-
ary. Our spinor field propagates, instead, in an unbounded space under the influence of a δ-
potential. This means that by using the relations (89) and (90) with the total spectral zeta
function of our system, defined as the sum of the interior and exterior spectral zeta functions,
we obtain relative heat kernel coefficients, namely those defined as the difference between the
heat kernel coefficients of our spinor system and those of the free spinor system inR3 (see e.g.
[24] for a similar treatment in the case of scalar fields). With these comments in mind we can
discuss the first few heat kernel coefficients.

In our particular case D= 3, so the first heat kernel coefficient, namely A0, is proportional
to the residue of the total spectral zeta function at s= 3/2. Since the functions (58) and (59)
are analytic forℜ(s)> (3−N)/2, the only possible contributions to the residue of the spectral
zeta function, and hence to the heat kernel coefficients, come from the meromorphic functions
A(int)
i (s)+A(ext)

i (s). It is not difficult to see from the expressions for A(int)
i (s) and A(ext)

i (s)

displayed in the previous section, that only A(int)
−1 (s) and A(ext)

−1 (s) present a pole at s= 3/2.
However, due to the relation (65) the total residue vanishes identically. This implies thatA0 =
0, a result that is to be expected since this relative coefficient is simply the difference between
the volume of R3 with the potential and the volume of the free R3 which are obviously the
same.

The next heat kernel coefficient, namely A1/2, is proportional to the residue of the total
spectral zeta function at s= 1. It is easy to realize that a pole at this point only appears in
the terms A(int)

0 (s) and A(ext)
0 (s). However, due to the relations (61) and (66), we have that

A(int)
0 (s)+A(ext)

0 (s) = 2b0(s)where b0(s) does not have a pole at s= 1. This argument implies,
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then, that A1/2 = 0. The last result has a simple geometric interpretation: the coefficient A1/2

is expressed in terms of the curvature of the boundary. In our case the curvature of the sphere
(which represents the boundary) has opposite sign when computed from the interior and exter-
ior regions. The computation of subsequent heat kernel coefficients Ai with i⩾ 1 involves, in
addition to the residues of A(int)

0 (s) and A(ext)
0 (s), also the residues of the functions A(int)

i (s) and

A(ext)
i (s) with i⩾ 1. As it is clear from the expressions in the previous section, such computa-

tion is highly non-trivial and, therefore, cannot be added in detail here. However, we would like
to remind the reader that the total residue of the spectral zeta function at the point s=−1/2
is proportional to the heat kernel coefficient A2 which, when vanishing, indicates that the sys-
tem has no ultraviolet divergences. In the next subsection we explicitly compute this residue,
which we need in order to select the cases when the Casimir energy is a quantity needing no
renormalization.

4.1. Total residue at s=−1/2

We consider the divergent terms in the ground-state energy, which, as stated in (88), are pro-
portional to the residue at s=−1/2 (equivalently ε= 0) of the spectral zeta function. We can
compute the interior and exterior contributions to the residue independently and define

ResAi ′
(
−1
2

)
:= ResA(int)

i ′

(
−1
2

)
+ResA(ext)

i ′

(
−1
2

)
, i ′ ∈ {−1,0,1,2,3}. (91)

Since all the residues are at s=−1/2, we will simply write ResAi ′ . From equation (65) it is
easy to conclude that

ResA−1 = 0. (92)

From equations (66), (71) and (77) we obtain

ResA0 = m2

(
R−

(
g4− + 24g2− + 16

)
R

8
(
g2− + 4

)
|g−|

)
.

For the remaining indices, i = 1,2,3, we use the relation (84). More explicitly, for A1(s) we
have

ResA1 =− 2g−m
3πg2− + 12π

−
m2R

(
−4|g−|+ g2− + 4

)
8|g−|

+

(
g2− + 4

)
m3R2

[
4|g−|+

(
g2− − 4

)
sin−1

(
g2−−4

g2−+4

)]
8πg−|g−|

,
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where there are some cancellations between the interior and exterior contributions, which also
occur for i = 2,3:

ResA2 =−
1024

(
g2− + 4

)
|g−|3 + g8− − 144g6− − 2976g4− − 2304g2− + 256

64
(
g2− − 4

)4
R

+
4g−m

πg2− + 4π
−
(
g2− + 4

)
m2R

8|g−| ,

ResA3 =
1024

(
g2− + 4

)
|g−|3 + g8− − 144g6− − 2976g4− − 2304g2− + 256

64
(
g2− − 4

)4
R

+
m

3π
(
g2− − 4

)5 (
g2− + 4

)[48g−(g2− + 4
)2(

g2− + 12
)(

3g2− + 4
)
|g−|sin−1

(
g2− − 4

g2− + 4

)

− 2g−(g2− − 4)
(
13g8− + 336g6− + 3040g4− + 5376g2− + 3328

)]
+

(
g2− + 4

)
m2R

8|g−|

−
m3R2

[
3
(
g2− − 4

)(
g2− + 4

)2 |g−|sin−1

(
g2−−4

g2−+4

)
+ 4
(
3g4− + 8g2− + 48

)
g2−

]
24πg3−

(
g2− + 4

) .

In all cases, our residues for g− =−2 are in agreement with those found in [16]. For the
purpose of selecting those configurations for which the Casimir energy is well-defined, we are
interested in the sum of the residues, i.e.

Res(g−,m) :=
3∑

i ′=−1

ResAi ′ , (93)

which can be found to be

Res(g−,m) =
2m

3π
(
g2− − 4

)5 (
g2− + 4

)[24g−(g2− + 4
)2(

g2− + 12
)(

3g2− + 4
)
|g−|sin−1

(
g2− − 4
g2− + 4

)
− 8g−(g

2
− − 4)

(
g8− + 52g6− + 320g4− + 832g2− + 256

)]

−
m2R

[
−6
(
g2− + 4

)
|g−|+ g4− + 16g2− + 16

]
4
(
g2− + 4

)
|g−|

+
8g−m3R2

3π g2− + 12π
. (94)

By setting g− =−2 in the previous expression, we obtain the total residue in the MIT case

Res(g− =−2,m) =−2m3R2

3π
− 2m

15π
, (95)

in accordance with the result found in [16].
It is important to make a remark at this point. The explicit expression for the total residue

in (94) shows that for a massless field Res(g−,m= 0) = 0 regardless of the value of g−. This
implies that the Casimir energy in the massless case is always well-defined. For a massive
field, instead, Res(g−,m) does not, in general, vanish.

For instance, in the case of MIT bag boundary conditions there are no positive values of
m such that the residue is zero. As we have already mentioned before, the Casimir energy
in this case can be defined only after a suitable renormalization process as described in e.g.
[16]. Even after a renormalization procedure, however, there are still parameters which need
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Figure 1. Contour plot of the function Res(g−,m) for R= 1. The black dashed curve is
defined by Res(g−,m) = 0. Two gray dot-dashed lines are plotted at g− =±2, where
g− =−2 leads to MIT bag boundary conditions.

to be determined experimentally. As explained in [16, 22] the experimental determination of
the necessary parameters cannot be achieved within the model since it is not yet suitable for
describing a realistic physical situation. In other words, more study is needed in order to obtain
physically meaningful results for the Casimir energy of massive spinor fields in the MIT case.

By considering more general matching conditions, as we have done in this paper, we are
able to describe a much wider set of models of spinor fields confined within a spherical shell.
In particular, the expression for the total residue in (94) represents one of the main results of
our work and shows that there exist confinement models of massive spinor fields for which
the Casimir energy can be well-defined without the need for renormalization. In figure 1 we
obtained a plot of the total residue for R= 1 in terms of the mass of the spinor field and the
parameter g− characterizing the matching conditions. The black dotted lines represent the
curves in the (m,g−)-plane where the residue is identically zero. It is clear from this plot that
for a given mass of the spinor field we can find at least one value of g− for which the residue
vanishes. In other words, for a given massive spinor field propagating within a δ-shell potential
of fixed radius one can tune the matching conditions to obtain a well-defined Casimir energy.
The existence of at least one value of g− for which the residue vanishes for fixed m and R can
be proved by noticing that for g− → 2, Res(2,m) =−Res(−2,m)> 0 and that

lim
g−→±∞

Res(g−,m) =−∞, (96)

for any given m and R. Since Res(g−,m) is a continuous functions for g− ̸= 0, there exists at
least one value in the interval [2,+∞) for which Res(g−,m) = 0.
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From the same plot one can realize that if one fixes R and g−, that is a specific δ-shell
potential is considered, one cannot always find amassive spinor field for which the total residue
vanishes and, hence, the Casimir energy can be defined without renormalization. This can be
easily understood by analyzing the expression (94). By fixing the values of R and g− the total
residue becomes a polynomial in m of degree 3. While three roots of this polynomial always
exist they are not guaranteed to be positive.

The above remarks can be summarized as follows: while for a given massive spinor field
we can always find a specific δ-shell potential for which the Casimir energy does not need
renormalization, the reverse is not always true.

4.2. Casimir energy

For those configurations in which the total residue vanishes, the Casimir energy of the system
is simply given by the finite part of the spectral zeta function at s=−1/2. In the rest of the
paper we focus on massless spinor fields mainly for three reasons: first, the energy in this case
is well-defined for all values of the parameter g−. This allows us to consider a wide variety
of matching conditions without having to deal with issues involving renormalization. Second,
the numerical evaluations required for the computation of the Casimir energy are much less
demanding. Lastly, an explicit expression for the finite part of the zeta function which is valid
for all values of the mass cannot, in general, be obtained. One can, however, derive expressions
that are valid for small values of themass (see e.g. [16]). Restricting our analysis to themassless
field, however, is not deleterious. In fact, we will show that the massless spinor field in δ-shell
potentials displays very interesting features such as both attractive and repulsive pressures on
the shell.

According to (52), we have two contributions to the finite part of the zeta function at
s=−1/2. The first, coming from the zero order terms of the series of Ai ′(ε− 1/2) around
ε= 0 and the other coming from the integral Z(int/int)(−1/2). In order to evaluate the contri-
butions coming from the terms Ai ′(ε− 1/2), we first define

Ai ′(s) := A(int)
i ′ (s)+A(ext)

i ′ (s), i ′ ∈ {−1,0,1,2,3}. (97)

For i ′ =−1, relation (65) ensures that A−1(−1/2) = 0. From equations (66), (71) and (77), in
the limit ε→ 0, we find

FPA0 =
−4|g−|+ g2− + 4

12g2−R+ 48R
. (98)

By utilizing the expression in (84), similar results can be found for FPA ′
i for i

′ = {1,2,3}.
Specifically, we find

FPA1 =−FPA0,

FPA2 =− 1

64
(
g2− − 4

)4 (
g2− + 4

)
R

[
1024

(
g2− + 4

)2
|g−|3 log

((
g2− + 4

)
R2
)
+ 2048

(
g2− + 4

)2
|g−|3

× coth−1
(
1
2

(
g2− + 2

))
+

2γ
(
g2− + 4

)
(|g−| − 2)−4

(
8
(
g2− + 4

)
|g−|+ g4− − 104g2− + 16

)
− 2(|g−| − 2)2

[(
g2− − 4

)2(
13g4− − 24g2− + 208

)
− 4

(
g2− + 4

)(
3g4− − 280g2− + 48

)
|g−|

]
+ 2g10− log(4R)− 8

(
g2− + 4

)(
35g4− + 748g2− + 560

)
g2− log(4R)+ 2048 log(R)+ 4096 log(2)

]
,
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FPA3 =
1

384
(
g2− − 4

)4 (
g2− + 4

)
R

(
3π 2

(
g2− + 4

)(
|g−|

(
|g−|

(
8|g−|+ g2− − 104

)
+ 32

)
+ 16

)
× (|g−| − 2)4 + 12γ

(
g2− + 4

)(
|g−|

(
|g−|

(
8|g−|+ g2− − 104

)
+ 32

)
+ 16

)
(|g−| − 2)4

− 16
(
g2− − 4

)2(
|g−|

(
|g−|

(
−32

(
g2− + 4

)
|g−|+ 5g4− + 172g2− + 688

)
− 512

)
+ 320

)
+ 12

(
g2− + 4

)(
1024

(
g2− + 4

)
|g−|3 log

((
g2− + 4

)
R
)
+
(
g8− − 144g6− − 2976g4−

−2304g2− + 256
)
log(R)

)
+ 24

(
g2− + 4

)(
g8− − 144g6− − 2976g4− − 2304g2− + 256

)
log(2)

)
− 12288

(
g2− + 4

)2
|g−|3 log(|g−|),

where γ is Euler’s constant. All of these expressions are simpler for MIT bag boundary con-
ditions. In fact, in this case they read

FPA0 = FPA1 = 0,

FPA2 =
log(R)+ γ− 1+ log(4)

32R
,

FPA3 =−4log(R)+π 2 + 4γ+ log(256)
128R

,

and are in agreement with the numerical values for R= 1 provided in table 2 of [16]. The only
task left consists in the computation of Z(int)(s=−1/2) and Z(ext)(s=−1/2) in equations (58)
and (59), respectively. The integration required for this calculation can only be performed
numerically. To this end, it is convenient to integrate by parts, to obtain

Z(int/ext)(−1/2) =− 1
π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

dz

[(
zj
R

)2

−m2

]1/2
∂

∂z
F(int/ext)
j,σ (z)

=
1
π

∞∑
j=1/2,3/2,···

(2j+ 1)
∑
σ=±1

ˆ ∞

mR
j

dz
zj/R√
z2 − m2R2

j2

F(int/ext)
j,σ (z),

where the function F(int/ext)
j,σ (z) is defined according to equations (58) and (59). Note that the

boundary terms from the integration by parts vanish. In fact, [(zj/R)2 −m2]1/2F(int/ext)
j,σ (z)→ 0

both as z→ mR/j and as z→∞. The latter is due to the fact that F(int/ext)
j,σ (z)→ 0 as z→∞.

By using the formula (88) and by recalling that FPA−1 = 0 and that FPA0 =−FPA1, we
obtain the following expression for the renormalized Casimir energy

Eren
Cas =−1

2
(FPA2 +FPA3 +Z(−1/2)) , (99)

where Z(−1/2) denotes the sum of the interior Z(int)(−1/2) and exterior Z(ext)(−1/2) con-
tributions. We emphasize that we do not need a classical model in order to accommodate the
renormalization [16, 22] since in the massless case considered here the total residue of the zeta
function is identically zero.

We would like to point out that by following a dimensional analysis, the Casimir energy
in (99) can explicitly written as

Eren
Cas =

eren0

R
. (100)

This can be justified as follows: since we have assumed that ℏ= 1 and c= 1, we can write
[Eren

Cas] = [m] = L−1. From equation (14), and noting that δ(r−R) = R−1δ(r/R− 1), we can
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Figure 2. Renormalized energy for the fermionic massless field for R= 1, Eren
Cas =

eren0 /R, as a function of g−.

conclude that [gv] = [gs] = ∅. These remark imply that the only parameter with dimensions in
our system is the radius R, and, therefore, (99) represents the only possible R-dependence sat-
isfying [Eren

Cas] = L−1. The plot displayed in figure 2 shows the dependence of eren0 on the para-
meter g−. One can immediately notice that the energy is invariant with respect to the change
g− →−g−. This follows from the symmetry of the characteristic functions (45) and (50) under
this transformation in the massless case. This symmetry, however, does not hold in the massive
case as one can discern from the characteristic functions. Note that the case g− = 0 is excluded
since the confining condition g2v − g2s + 4= 0 cannot be satisfied if gs = gv. However, we can
consider values such that g− → 0, which leads to |gv|, |gs| →∞. We would like to mention
that the result for MIT bag boundary conditions computed in [16], that is,

Eren
Cas ≃

0.0204
R

, (101)

is recovered from our results. More precisely, by using Newton’s method it can be shown that
the maximum value of the energy is attained at g− =±2. This implies, in particular, that MIT
boundary conditions generate the largest value for the Casimir energy. This situation is similar
to that of a scalar field propagating under the presence of a singular interaction analogous
to the one considered in equation (14), the so-called δ–δ ′ interaction [26]. In the paper [26]
it was found that the maximum value of the energy occurs when this interaction approaches
Dirichlet and Robin boundary conditions. In a sense, then, the MIT boundary conditions play,
in our work, the same role that Dirichlet boundary conditions do in the δ–δ ′ interaction for
scalar fields. A direct comparison is, however, not possible since Dirichlet boundary conditions
do not lead to a self-adjoint Dirac Hamiltonian [27].

The most important observation of this section, however, relates to the sign of the Casimir
energy. From the plot of the energy in figure 2 one realizes that there are values of the parameter
g− for which the Casimir energy becomes negative. This is a completely novel feature that does
not appear in the MIT bag model. In the MIT case, in fact, the energy is always positive. This
property leads to rather interesting situations. For instance, the pressure acting on the spherical
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shell can be derived from the renormalized energy using the principle of virtual work [28, 29].
For our system we have, in particular,

prenCas =− 1
4πR2

∂Eren
Cas

∂R
=

eren0

4πR4
. (102)

This relation shows that in the MIT case only an outward pressure appears [30] since the
Casimir energy is always positive. In our case, however, since the Casimir energy can be both
positive and negative for different values of g−, the system can exert both inward and outward
pressure on the spherical shell. Moreover, the amount of pressure acting on the shell changes
in magnitude depending on the value of g− (i.e. for different types of matching, or boundary,
conditions). Another interesting observation is the following: since the pressure changes sign,
there are values of g− for which the pressure vanishes (as it can be seen in figure 2). This
means that by tuning thematching conditions, one can obtain a fermionic system that generates
no pressure on the spherical shell. From the graph in figure 2, however, it is clear that such
configuration is unstable since a small variation of g− to either side of the equilibrium value
would give rise to either an outward or inward pressure. Nevertheless, this is an intriguing
phenomenon which, to our knowledge, has not been previously observed in other spherically
symmetric spinor systems.

We conclude this section by noting that the values for the Casimir energy found here are of
the same order of magnitude as the ones found for the electromagnetic field in the presence of
a perfectly conducting shell [31]

Eren
Cas,EM ≃ 0.0461766

R
. (103)

However, for the scalar field the values for a Dirichlet and a Neumann sphere are
Eren
Cas,D ≃ 0.0028168/R and Eren

Cas,N ≃−0.2238216/R, respectively [22], being also Eren
Cas,δ-δ ′ ≃

0.001/R⩾ 0 for the δ–δ ′ aforementioned interaction [26].

5. Conclusions

In this paper we have analyzed the Casimir energy of a spin one-half field around classical con-
figurations which generalize the MIT bag model. In particular, we have studied the spectral
zeta function associated with a spinor field propagating in R3 under the influence of a singular
potential constructed as a combination of a scalar and vector δ-potentials supported on a spher-
ical shell. The definition of this potential is based on the theory of self-adjoint extensions, and
different values of the scalar and vector couplings lead to self-adjoint extensions that describe
either a confining or non-confining system. We have then performed the analytic continuation
of the corresponding spectral zeta function which we used to analyze the Casimir energy of a
massless spinor field in the confining case. We have found that the mathematical machinery
needed for the analysis of the spectral zeta function is much more involved than both the one
used to treat a scalar field under the influence of a δ-shell potential and the one utilized to study
the MIT bag model. This is due, in part, by the presence of the vector potential.

Nevertheless, the additional technical complications needed in our analysis are a price well-
worth paying since we have found that the Casimir energy of the spinor field obeying matching
conditions determined by a δ-shell potential displays interesting characteristics that have not
been previously observed in other spinor systems.

As the first noteworthy result of this work, we have shown that for a given mass of the
spinor field and radius of the spherical shell we have at least one value of g− such that the total
residue vanishes identically. In this case, then, the vacuum energy is well-defined without the
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need for any renormalization procedure. This is important since the renormalization process
for massive spinor fields in spherically symmetric systems might not lead to meaningful res-
ults. For instance, a well-known renormalization procedure in quantum field theory relies on
the small-t expansion of the trace of the heat kernel associated with the spectral function of the
system. This expansion provides the large-m behavior of the theory. The divergent terms, as
m→∞ (the classical limit), of the expansion provide the counterterms needed to renormalize
the physical parameters of the system. In the massive spinor case, the large-mass behavior
of the theory is not simply given by the heat kernel asymptotic expansion due to the explicit
dependence of the characteristic functions on the mass m. For this reason the implementa-
tion of the large-mass normalization condition cannot be achieved analytically [21]. Other
renormalization processes also encounter difficulties since they cannot determine all the para-
meters of the theory [16]. Specifically, in the latter when both the interior and exterior regions
are considered, two parameters, which cannot be theoretically determined, still remain in the
model. These parameters must be adjusted numerically by comparing them directly to the
actual physical system described. However, the model, as it stands, cannot be considered a
realistic description of a physical system. This situation is similar to the one in which boundary
conditions modeling a perfect conductor are imposed on the electromagnetic field. The perfect
conductor boundary conditions are based on the notion that electrons flow on the surface in
such a way that any incoming field is annihilated. However, this description still represents an
idealization, since the effect of imperfect reflections is known to be large in experiments [32].
Therefore, those parameters that cannot be fixed by the renormalization process need to be
found experimentally. Unfortunately, very few systems exist in which the Dirac Hamiltonian
is exactly solvable and, consequently, opportunities for an experimental determination of the
unknown parameters are rare. In these circumstances, point-supported potentials, like the δ-
shell and the MIT bag, as one of its particular cases, become both theoretically and physically
relevant: in fact, they are simple enough to be exactly solvable [9] but involved enough to be
able to describe idealized physical systems. Indeed, as already mentioned, within our model
we are able to find configurations for which the above-mentioned problem regarding a mean-
ingful renormalization does not arise. For instance, the δ-shell potential defined in (14) can
be used to model a class of impenetrable short-range potentials by varying the relative size of
gs and gv within the constraint (21). Moreover, Dirac equation endowed with point supported
potentials are particularly important in the description of two dimensional systems such as
graphene in the field of an Aharonov–Bohm solenoid orthogonal to its plane [33], magnetic
Kronig–Penney model for Dirac electrons in single-layer graphene [34], and other models
of propagation of fermions in the presence of impurities [35]. The results of this paper are,
therefore, relevant for the analysis of the Casimir energy of fermions in the aforementioned
models.

The second important result of our paper consists in the computation of the energy and
pressure acting on the surface of the spherical shell in the case of a massless spinor field. We
have found that, for a given radius of the spherical shell, the Casimir energy varies both in
magnitude and sign as the parameter g− changes. This is an important observation since by
changing the matching conditions one can transition from an outward to an inward Casimir
pressure on the shell. This appears to be a novel feature since in the MIT bag model only
an outward pressure was found, like in Boyer’s result for a perfectly conducting sphere. The
case presented here is relevant since it preserves confinement, which is a rough representation
of asymptotic freedom and the main reason why the MIT model is widely used. However,
unlike the MIT bag model, confinement is achieved not only with a large set of values for the
pressure but also with both inward and outward pressure. These results could be useful within
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the context of bag models, where there are some unresolved problems regarding the sign and
magnitude of the pressure from the zero-point energy of the quark field [30].

We would like to conclude this section by mentioning some natural continuations of this
research. This paper is focused onmatching conditions leading to confinement. It would be par-
ticularly interesting to complement this analysis by considering the Casimir energy of massless
spinor fields propagating in a space where the δ-shell potential leads to non-confining config-
urations. Any result in this area would be interesting as these types of δ-potentials wouldmodel
semi-transparent bags. Our analysis of the spectral zeta function and the Casimir energy has
been conducted for massive scalar field but it would be very interesting to extend it to gauge
fields. In particular, one could generalize the analysis performed in, for instance, [36] regard-
ing gauge fields in the MIT bag to gauge fields propagating in a flat space under the influence
of a δ-potential of the type considered in this paper. This investigation would not only provide
the relevant spectral zeta function and Casimir energy but would also give details related to the
behavior of the δ-potential under gauge transformations. In particular one could repeat the ana-
lysis performed in this paper for the Dirac HamiltonianH0 =−iαi∇i +mβ with∇j = ∂j+ iAj
and study the interaction of the gauge fields Aj with the δ-potential. We hope to report on these
interesting topics in future works.

Data availability statement

All data that support the findings of this study are included within the article (and any supple-
mentary files).

Acknowledgments

César Romaniega is grateful to the Spanish Government for funding under the FPU-
fellowships Program FPU17/01475, the FPU mobility Program EST21/00286 and MCIN
Grant PID2020-113406GB-I00.

Appendix A. Asymptotic expansion of G(int)
j,σ and G(ext)

j,σ

By using the uniform asymptotic expansion for the modified Bessel functions and their first
derivative which are provided in chapter 10, section 41 of [18], we can obtain the following
expressions

I2j (zj) =
e2jη

(2π j)(1+ z2)1/2

∞∑
k=0

uk(t)
jk

,

(I ′)2j (zj) =
e2jη

(2π j)z2
(1+ z2)1/2

∞∑
k=0

vk(t)
jk

,

Ij(zj)I
′
j (zj) =

e2jη

(2π j)z

∞∑
k=0

mk(t)
jk

, (104)

where

η = (1+ z2)1/2 + ln

(
z

1+(1+ z2)1/2

)
, t= (1+ z2)−1/2, (105)
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and

uk(t) =
k∑
l=0

Ul(t)Uk−l(t), vk(t) =
k∑
l=0

Vl(t)Vk−l(t),

mk(t) =
k∑
l=0

Ul(t)Vk−l(t), (106)

with the functions Uk(t) and Vk(t) given by the recurrence relations

Uk+1(t) =
1
2
t2(1− t2)U ′

k(t)+
1
8

ˆ t

0
(1− 5τ 2)Uk(τ)dτ .

Vk+1(t) = Uk+1(t)−
1
2
t(1− t2)Uk(t)− t2(1− t2)U ′

k(t). (107)

For the terms involving the modified Bessel functions of the second kind we have instead

K2
j (zj) =

(
π

2j

)
e−2jη

(1+ z2)1/2

∞∑
k=0

(−1)kuk(p)
jk

,

(K ′)2j (zj) =

(
π

2j

)
e−2jη

z2
(1+ z2)1/2

∞∑
k=0

(−1)kvk(p)
jk

,

Kj(zj)K
′
j (zj) =−

(
π

2j

)
e−2jη

z

∞∑
k=0

(−1)kmk(p)
jk

. (108)

The expansions (104) employed in the expression for the characteristic function (55) allows
us to obtain

G(int)
j,σ (z) =

e2jη

π j z2j+2
(1+ z2)1/2(1− t)

∞∑
k=0

Ω
(int)
k,σ (t)

jk
, (109)

where we find Ω(int)
0,σ (t) to be

Ω
(int)
0,σ (t) =

1
4

(
4+ g2−

)
+
σ

4

(
4− g2−

)
t, (110)

and Ωk,σ(t), with k⩾ 1,

Ω
(int)
k,σ (t) =

[(
(1− t2)

g2−
4

+ t2
)
σ− +

(
1− t2 +

g2−
4
t2
)
σ+

]
uk(t)
1− t

(111)

+

[
σ− +

g2−
4
σ+

]
vk(t)− 2tmk(t)

1− t
− mRg−t

1− t
[mk−1(t)− tuk−1(t)].

In a similar fashion, by using the expansions (108) in the characteristic function (56) we get

G(ext)
j,σ (z) =

π e−2jη

j z−2j
(1+ z2)1/2(1+ t)

∞∑
k=0

Ω
(ext)
k,σ (t)

jk
, (112)

where one finds

Ω
(ext)
0,σ (t) = Ω

(int)
0,−σ(t), (113)
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and, for k⩾ 1,

Ω
(ext)
k,σ (t) =

(−1)k

1+ t

{[(
(1− t2)

g2−
4

+ t2
)
σ− +

(
1− t2 +

g2−
4
t2
)
σ+

]
uk(t)

+

[
σ− +

g2−
4
σ+

]
[vk(t)+ 2tmk(t)− (mRg−t)[mk−1(t)+ tuk−1(t)]

}
. (114)

For the purpose of analytic continuation we need the functionsD(int)
i,σ (t) andD(ext)

i,σ (t) expressed
through the expansions (64) and (68), respectively. In particular, in order to evaluate the
Casimir energy we only need the first three. With the help of an algebraic computer program
and by noticing that

(σ±)
n
= σ±, n ∈ N0,

σ+σ− = 0, σ+ −σ− = σ, σ+ +σ− = 1, (115)

we obtain

D(int)
1,σ (t) =

t

48Ω(int)
0,σ (t)

{
3
[(
g2− − 12

)
σ− +

(
4− 3g2−

)
σ+ − 16g−mR

]
− 3σ

(
g2− − 4

)
t+
[(
28− 5g2−

)
σ− +

(
7g2− − 20

)
σ+
]
t2 + 5σ

(
g2− − 4

)
t3
}
,

D(int)
2,σ (t) =

t2

4608(Ω(int)
0,σ (t))2

{
36
[
− 64g2−(mR)

2 +
(
g2− − 4

)
σ−
(
g2− + 16g−mR+ 12

)
−
(
g2− − 4

)
σ+
(
3g2− + 16g−mR+ 4

)]
+ 72

(
g2− + 16g−mR+ 4

)(
g2−σ− + 4σ+

)
t

− 36
[
σ−
(
5g4− − 16

(
g2− + 4

)
g−mR+ 8g2− − 176

)
+σ+

(
−11g4− − 16

(
g2− + 4

)
g−mR+ 8g2− + 80

)]
t2

− 144
[
g2−
(
3g2− − 8

)
σ− − 8

(
g2− − 6

)
σ+
]
t3

− 36
[(
g4− − 40g2− + 208

)
σ− +

(
13g4− − 40g2− + 16

)
σ+
]
t4

+ 360
(
g2− − 4

)(
g2−σ− − 4σ+

)
t5 + 180

(
g2− − 4

)2
t6
}
, (116)

D(int)
3,σ (t) =

t3

1658880(Ω(int)
0,σ (t))3

9∑
i=0

p(int)i,σ (g−,mR)t
i, (117)

where

p(int)0,σ (g−,mR) = 135
[
− 4096g3−(mR)

3 +σ−

(
25g6− + 204g4− + 1536

(
g2− − 4

)
g2−(mR)

2

+ 432g2− + 96
(
g4− + 24g2− − 48

)
g−mR− 4032

)
+σ+

(
− 63g6− + 108g4−

− 1536
(
g2− − 4

)
g2−(mR)

2 + 816g2−

− 96
(
3g4− − 24g2− − 16

)
g−mR+ 1600

)]
, (118)
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p(int)1,σ (g−,mR) = 405
[
σ−(25g

6
− + 1024g4−(mR)

2 + 68g4− + 112g2−

+ 32(3g4− + 48g2− + 16)g−mR+ 960)+σ+(15g
6
− + 28g4−

+ 4096g2−(mR)
2 + 272g2− + 32(g4− + 48g2− + 48)g−mR+ 1600)

]
, (119)

p(int)2,σ (g−,mR) =−162
[
σ−(203g

6
− + 160(g4− − 80)g−mR

+ 1756g4− − 1280(g2− + 4)g2−(mR)
2 − 3536g2− − 29248)−σ+(457g

6
−

+ 160(5g4− − 16)g−mR+ 884g4− + 1280(g2− + 4)g2−(mR)
2

− 7024g2− − 12992)
]
, (120)

p(int)3,σ (g−,mR) =−54
[
σ−(2327g

6
− + 1908g4− − 33552g2−

+ 480(7g4− + 24g2− + 48)g−mR+ 77632)+σ+(1213g
6
− − 8388g4−

+ 7632g2− + 480(3g4− + 24g2− + 112)g−mR+ 148928)
]
, (121)

p(int)4,σ (g−,mR) =−648
[
σ−(61g

6
− − 1634g4− + 3144g2− + 20(15g4− + 24g2−

+ 112)g−mR+ 17024)+ 2σ+(133g
6
− + 393g4− − 3268g2−

+ 10(7g4− + 24g2− + 240)g−mR+ 1952)
]
, (122)

p(int)5,σ (g−,mR) = 648
[
2σ−(174g

6
− − 50(g4− − 16)g−mR+ 237g4− − 4748g2− + 7904)

+σ+(247g
6
− + 100(g4− − 16)g−mR− 2374g4− + 1896g2− + 22272)

]
, (123)

p(int)6,σ (g−,mR) = 90
[
(2431g6− − 19860g4− + 23664g2− + 113344)σ−

+(1771g6− + 5916g4− − 79440g2− + 155584)σ+
]
, (124)

p(int)7,σ (g−,mR) =−3510(g2− − 4)
[
(17g4− + 304g2− − 688)σ− +(43g4− − 304g2− − 272)σ+

]
,

(125)

p(int)8,σ (g−,mR) =−675
[
g2− − 4)2((221g2− + 308)σ− +(77g2− + 884)σ+

]
, (126)

p(int)9,σ (g−,mR) = 49725σ(g2− − 4)3. (127)

For the exterior region we find

D(ext)
1,σ (t) =

t

48Ω(ext)
0,σ (t)

{
− 3
[(
g2− − 12

)
σ− +

(
4− 3g2−

)
σ+ + 16g−mR

]
− 3σ

(
g2− − 4

)
t+
[(
5g2− − 28

)
σ− +

(
20− 7g2−

)
σ+
]
t2 + 5σ

(
g2− − 4

)
t3
}
, (128)
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D(ext)
2,σ (t) =

t2

4608(Ω(ext)
0,σ (t))2

{
36
[
− 64g2−(mR)

2 +
(
g2− − 4

)
σ−
(
g2− − 16g−mR+ 12

)
−
(
g2− − 4

)
σ+
(
3g2− − 16g−mR+4

)]
− 72

(
g2− − 16g−mR+4

)(
g2−σ− + 4σ+

)
t

− 36
[
σ−
(
5g4− + 16

(
g2− + 4

)
g−mR+ 8g2− − 176

)
+σ+

(
−11g4− + 16

(
g2− + 4

)
g−mR+ 8g2− + 80

)]
t2

+ 144
[
g2−
(
3g2− − 8

)
σ− − 8

(
g2− − 6

)
σ+
]
t3

− 36
[(
g4− − 40g2− + 208

)
σ− +

(
13g4− − 40g2− + 16

)
σ+
]
t4

− 360
(
g2− − 4

)(
g2−σ− − 4σ+

)
t5 + 180

(
g2− − 4

)2
t6
}
, (129)

D(ext)
3,σ (t) =

t3

1658880(Ω(ext)
0,σ (t))3

9∑
i=0

p(ext)i,σ (g−,mR)t
i, (130)

where

p(ext)0,σ (g−,mR) =−135
[
4096g3−(mR)

3 +σ−

(
25g6− + 204g4− + 1536(g− − 2)(g− + 2)g2−(mR)

2

+ 432g2− − 96
(
g4− + 24g2− − 48

)
g−mR− 4032

)
+σ+

(
− 63g6− + 108g4−

− 1536(g2− − 4)g2−(mR)
2 + 816g2− + 96

(
3g4− − 24g2− − 16

)
× g−mR+ 1600

)]
, (131)

p(ext)1,σ (g−,mR) = 405
[
σ−

(
25g6− + 1024g4−(mR)

2 + 68g4− + 112g2−

− 32
(
3g4− + 48g2− + 16

)
g−mR+ 960

)
+σ+

(
15g6− + 28g4− + 4096g2−(mR)

2

+ 272g2− − 32
(
g4− + 48g2− + 48

)
g−mR+ 1600

)]
, (132)

p(ext)2,σ (g−,mR) = 162
[
σ−

(
203g6− − 160

(
g4− − 80

)
g−mR+ 1756g4−

− 1280
(
g2− + 4

)
g2−(mR)

2 − 3536g2− − 29248
)

−σ+

(
457g6− − 160

(
5g4− − 16

)
g−mR

+ 884g4− + 1280
(
g2− + 4

)
g2−(mR)

2 − 7024g2− − 12992
)]
, (133)
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p(ext)3,σ (g−,mR) =−54
[
σ−

(
2327g6− + 1908g4− − 33552g2−

− 480
(
7g4− + 24g2− + 48

)
g−mR+ 77632

)
+σ+

(
1213g6− − 8388g4−

− 480
(
3
(
g2− + 8

)
g2− + 112

)
g−mR+ 7632g2− + 148928

)]
, (134)

p(ext)4,σ (g−,mR) = 648
[
σ−

(
61g6− − 1634g4− + 3144g2− − 20

(
15g4− + 24g2−

+112)g−mR+ 17024
)
+ 2σ+

(
133g6− + 393g4− − 3268g2−

− 10
(
7g4− + 24g2− + 240

)
g−mR+ 1952

)]
, (135)

p(ext)5,σ (g−,mR) = 648
[
2σ−

(
174g6− + 50

(
g4− − 16

)
g−mR+ 237g4− − 4748g2− + 7904

)
+σ+

(
247g6− − 100

(
g4− − 16

)
g−mR− 2374g4− + 1896g2− + 22272

)]
,

(136)

p(ext)6,σ (g−,mR) =−90
[(

2431g6− − 19860g4− + 23664g2− + 113344
)
σ−

+
(
1771g6− + 5916g4− − 79440g2− + 155584

)
σ+

]
, (137)

p(ext)7,σ (g−,mR) =−3510
(
g2− − 4

)[(
17g4− + 304g2− − 688

)
σ−

+
(
43g4− − 304g2− − 272

)
σ+

]
, (138)

p(ext)8,σ (g−,mR) = 675
(
g2− − 4

)2 [(
221g2− + 308

)
σ− +

(
77g2− + 884

)
σ+
]
, (139)

p(ext)9,σ (g−,mR) = 49725σ
(
g2− − 4

)3
. (140)

Appendix B. Small-m expansion of the integral appearing in b(int/ext)
0 and

A(int/ext)
i

In this appendix we provide the small-m asymptotic expansion of the integrals that appear in
the analysis of the terms b(int/ext)0 and A(int/ext)

i . The integrals have the general form

In(s,α) = t2s+α+1
j

ˆ 1

0
u2s+α(1− u2)−s(1+βtju)

−ndu, (141)

with α,n ∈ N+, and −(α+ 1)/2< ℜ(s)< 1. The mass is contained in the term tj as follows

tj =

(
1+

m2R2

j2

)− 1
2

. (142)

There are only two terms in (141) that depend on m. The small-m expansion of t2s+α+1
j can

be obtained by using the binomial series, while the small-m expansion of (1+βtju)−n can be
computed by utilizing the Taylor expansion for the composition of two functions

f(g(ν)) = f(g(0))+
∞∑
k=1

νk

k!

(
dk

dνk
f(g(ν))

)∣∣∣∣∣
ν=0

, (143)
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and then bywriting the higher derivatives of the composition in terms of Faà di Bruno’s formula

(
dk

dνk
f(g(ν))

)∣∣∣∣∣
ν=0

=
k∑
l=0

f(l)(g(0))Bk,l
(
g ′(0),g ′ ′(0), . . . ,g(k−l+1)(0)

)
, (144)

where Bk,l (x1,x2, . . . ,xk−l+1) are the Bell polynomials [37]. These last remarks allow us to
write

t2s+α+1
j (1+βtju)

−n =
∞∑
p=0

Cp(s,α,βu)

(
mR
j

)2p

, (145)

where we have defined the functions

Cp(s,α,βu) =
p∑
l=0

(
−s−α/2− 1/2

p− l

)
1
l!

l∑
r=0

(−1)r
(n+ r− 1)!
(n− 1)!

× (1+βu)−n−r(βu)rBl,r

[(
−1/2
1

)
1!, . . . ,

(
−1/2
l− r+ 1

)
(l− r+ 1)!

]
.

(146)

By substituting the expression (145) in the integral (141), we obtain the following expansion

In(s,α) =
∞∑
p=0

(
mR
j

)2p p∑
l=0

l∑
r=0

(
−s−α/2− 1/2

p− l

)
(−1)rβr

l!
(n+ r− 1)!
(n− 1)!

×Bl,r

[(
−1/2
1

)
1!, . . . ,

(
−1/2
l− r+ 1

)
(l− r+ 1)!

]
×
ˆ 1

0
u2s+α+r(1− u2)−s(1+βu)−n−rdu. (147)

The integral in (147) can be solved in closed form in terms of the first Appell hypergeometric
function. In fact, by using 3.211 in [38] one finds
ˆ 1

0
u2s+α+r(1− u2)−s(1+βu)−n−rdu=

Γ(−s+ 1)Γ(2s+α+ r+ 1)
Γ(s+α+ r+ 2)

×F1(2s+α+ r+ 1,s,n+ r,s+α+ r+ 2;−1,−β).

By substituting this explicit expression for the integral in (147) we can finally write

In(s,α) =
∞∑
p=0

Λp(s,α,n,β)

(
mR
j

)2p

, (148)

where

Λp(s,α,n,β)=
p∑
l=0

l∑
r=0

(
−s−α/2− 1/2

p− l

)
(−1)rβr

l!
(n+ r− 1)!
(n− 1)!

Γ(−s+ 1)Γ(2s+α+ r+ 1)
Γ(s+α+ r+ 2)

×Bl,r

[(
−1/2
1

)
1!, . . . ,

(
−1/2
l− r+ 1

)
(l− r+ 1)!

]
×F1(2s+α+ r+ 1,s,n+ r,s+α+ r+ 2;−1,−β). (149)
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