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1 Introduction

The study of entanglement measures in the context of low-dimensional quantum field theory is
a very active field of research within theoretical physics. Activity has been particularly intense
since the early work of Calabrese and Cardy [1] which both extended previous results [2,3] and
also, crucially, brought those results to the attention of a much wider scientific community. These
theoretical results, in conjunction with numerical and analytical work in integrable spin chain
models [4–7], revealed how certain entanglement measures, i.e. the entanglement entropy [8],
display universal scaling at conformal critical points. This observation has many implications,
a very important one being that computing the entanglement entropy of a pure state is one
of the most numerically effective ways of checking for criticality and, if found, determining the
universality class the model belongs to.

A recent development in this field is the growing interest in a type of entanglement termed
symmetry resolved entanglement. In the context of conformal field theory (CFT), a definition of
this quantity was put forward in [9], where it was related to correlation functions of generalised
(or composite) branch point twist fields. In the context of entanglement, such fields were first
introduced in [1] as associated to conical singularities in conformal maps and in [10,11] as sym-
metry fields associated to cyclic permutation symmetry in 1+1D quantum field theories (both
critical and gapped). The basic idea is that in theories that possess an underlying symmetry
(say Up1q symmetry in a complex free boson theory or in sine-Gordon theory) entanglement can
be expressed as a sum over contributions from different symmetry sectors. Remarkably such
contributions are experimentally measurable [12–14], which provides further motivation to study
this quantity. In order to make these statements more transparent, let us introduce some basic
notation. Let |Ψy be a pure state of a 1+1D quantum field theory (QFT) and let us define a
bipartition of space into two complementary regions A and Ā so that the Hilbert space of the
theory H also decomposes into a direct product HA b HĀ. Then the reduced density matrix
associated to subsystem A is obtained by tracing out the degrees of freedom of subsystem Ā in

ρA “ TrĀp|ΨyxΨ|q , (1)

and the von Neumann and nth Rényi entropy of a subsystem A are defined as

S “ ´TrApρA log ρAq and Sn “
logpTrAρ

n
Aq

1´ n
. (2)

where TrAρ
n
A :“ Zn{Zn

1 can be interpreted as the normalised partition function of a theory
constructed from n non-interacting copies or replicas of the original model. As is well known,
S “ limnÑ1 Sn.

In the presence of an internal symmetry, we can also define a symmetry operator Q and
its projection onto subsystem A, QA. By construction, we have that rQA, ρAs “ 0 and if q is
the eigenvalue of operator QA in a particular symmetry sector, then Znpqq “ TrpρnAPpqqq with
Ppqq the projector onto the symmetry sector of charge q, can be identified as the symmetry re-
solved partition function. In terms of this object, the symmetry resolved entanglement entropies
(SREEs) can be written as

Snpqq “
1

1´ n
log

Znpqq
Zn

1 pqq
and Spqq “ lim

nÑ1
Snpqq . (3)
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As discussed in [9] these quantities can best be obtained in terms of their Fourier modes, the
charged moments Znpαq “ TrApρ

n
Ae

2πiαQAq as

Znpqq “
ˆ 1

2

´ 1
2

dαZnpαqe
´2πiαq , (4)

where we have assumed for convenience that we are dealing with Up1q symmetry as will be
mostly the case in this paper (for discrete symmetries the integral can be replaced by a sum).
The factor 2π in the exponential can be absorbed into the normalisation of the parameter α,
but the present normalisation is chosen for convenience as it leads to more elegant expressions
later on.

Starting from these basic ideas, SREEs have been computed and discussed for many classes
of models, ranging from 1+1D CFTs [9,15–24], to free [25–27] and interacting integrable quan-
tum field theories [28–30], holographic settings [31, 32], lattice models [15–18, 25, 33–40], out of
equilibrium [17,38,41–43] and for systems with more exotic types of dynamics [44–49].

The aim of this paper is to study the SREEs in the context of zero-density excited states in
1+1D gapped systems in the scaling limit. Consider a bipartition, as outlined above, in a system
of total length L and a subsystem of length ` such that the quantity r “ `{L in the scaling limit
`, LÑ8 remains finite with r P r0, 1s. In this scaling limit, a zero-density excited state is simply
a QFT state describing a finite number of excitations above the ground state. In a series of papers
[50–53] the increase of the entanglement entropies and logarithmic negativity1 with respect to
their ground state values was computed and found to take a remarkably universal and simple
form. They depend only on r, on the number of excitations and on their statistics. The results
were originally derived by employing the branch point twist field approach in free fermion and
free boson theories, thus might seem quite limited. However, it was argued in [50] (and illustrated
on the example of one and two magnon states) that the formulae should hold much more
generally, for interacting and even higher dimensional theories2, as long as a notion of localised
excitations exists. These claims have been substantiated through additional recent results. In
particular, a series of works by Rajabpour and collaborators [54–59] has expanded previous work
in various directions: by obtaining finite volume corrections, new formulae for systems where
quasiparticles are not localised, and finally by establishing that the formulae indeed hold for
generic magnonic states, thus also in interacting theories, in [59]. Similar formulae have also
been found for interacting higher dimensional theories in [60] and even in the presence of an
external potential, arising from a semiclassical limit [61]. Indeed, the formulae found in [50]
were not entirely unexpected as they can be derived for semiclassical systems [62], however their
wide range of applicability, well beyond the semiclassical regime, as well as their derivation in
the context of QFT were new.

In this paper we want to combine these two topics, symmetry resolved entropies and excited
states, to investigate how the entropy of excited states may be seen as a sum over symmetry
sectors in the presence of an internal symmetry. We will focus our attention on the complex free

1In some of these papers more complex bipartitions were also considered, e.g. multiple disconnected regions.
2In [53] the same formulae were shown to hold for free bosons in any dimension if r is replaced by the ratio of

generalised volumes.
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fermion and boson theories. The total excited state entanglement of (real) free fermions and
bosons was studied in [51, 52] and their symmetry resolved entanglement in the ground state
was studied in [27]. This paper can be seen as a generalisation of these works. Our main results
can be summarised as follows.

Let ZΨ
n pL, `, αq be the charged moments of the symmetry resolved nth Rényi entropy of a

connected region of length `, in a pure state |ΨynL of an n-replica theory in finite volume L.
Then, the ratio of moments

lim
LÑ8

ZΨ
n pL, rL;αq

Z0
npL, rL;αq

“: MΨ
n pr;αq , (5)

between the state |ΨynL and the ground state |0ynL, in the infinite volume limit with r fixed, is
given by a universal formula, which depends very simply on r and α. There are two particularly
useful cases from which more general formulae can be constructed. When |ΨynL “ |1˘ynL is a
state of a single particle excitation with Up1q charge ˘1 we have that

M1˘

n pr;αq “ e˘2πiαrn ` p1´ rqn , (6)

whereas for a state of k identical excitations of charges ˘ we have that

Mk˘

n pr;αq “
k
ÿ

j“0

rfkj prqs
ne˘2πijα , (7)

where fkj prq :“ kCj r
jp1 ´ rqk´j and kCj “

k!
j!pk´jq! is the binomial coefficient. Formula (7) is

the building block for all other results (formula (6) is the k “ 1 case of (7)). A generic state
comprising s groups of kεii identical particles of charge εi will have

M
k
ε1
1 ...kεss

n pr;αq “
s
ź

i“1

M
k
εi
i

n pr;αq . (8)

For α “ 0 these formulae reduce to those found in [50–53]. However, whereas in those papers the
results represented the difference between ground state and excited state entanglement entropies,
in this case they represent the ratio of charge moments, rather than the SREEs themselves. Thus,
physically speaking, their interpretation is different. In order to obtain the SREE it is necessary
to isolate the charged moments of the excited state. This can be easily done analytically, as
we will see later and allows us to write the SREEs in terms of the ground state entropies.
For instance, for the same state |ΨynL “ |1˘ynL considered above, the SREEs (Rényi and von
Neumann) are given by

S1ε

n pr; qq “
1

1´ n
log

Z1ε
n pr, qq

pZ1ε
1 pr, qqq

n
“

1

1´ n
log

Z0
npq ´ εqr

n ` Z0
npqqp1´ rq

n

pZ0
1 pq ´ εqr ` Z0

1 pqqp1´ rqq
n
, (9)

and

S1ε

1 pr; qq “ ´
Z0

1 pq ´ εqr log r ` Z0
1 pqqp1´ rq logp1´ rq ` rrBnZ0

npq ´ εq ` p1´ rqBnZ0
npqqsn“1

rZ0
1 pq ´ εq ` p1´ rqZ0

1 pqq

` logpZ0
1 pq ´ εqr ` Z0

1 pqqp1´ rqq , (10)
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in terms of the ground state partition functions and their derivatives, which can be related back
to the ground state entropies (in these formulae ε “ ˘1). Here ZΨ

n pr, qq are the symmetry
resolved partition functions in the state |Ψy and Z0

npqq are those of the ground state, which
are independent of r in the scaling limit considered here. The formulae for the SREEs of other
states are rather cumbersome and we discuss more general cases in Section 4.

This paper is organized as follows: In Section 2 we review the branch point twist field
approach to entanglement measures and its application to the study of zero-density excited
states. In Section 3 we describe how branch point twist fields can be employed to obtain the
ratio of charged moments and present key aspects of the computation for complex free bosons
and fermions. In Section 4 we discuss how the SREE of excited states can be obtained from
the ratio of charge moments. In Section 5 we recall how the same results can be obtained
from simple qubit states. These have coefficients that represent the probabilities of finding a
certain number of excitations in a certain space region. In this case the SREE can be obtained
explicitly. We conclude in Section 6. In Appendix A we summarize the form factor calculation
for complex free bosons and in Appendix B for complex free fermions. In Appendix C we discuss
the finite-volume expansion of the ground state two-point function of composite twist fields.

2 Building Blocks

In this section we review very briefly the definition of (composite) branch point twist fields and
their role in the computation of the SREEs of excited states.

2.1 Entropy of Excited States and Branch Point Twist Fields

It has been known for a long time that at least in 1+1D all standard entanglement measures,
such as the von Neumann and Rényi entropies, can be expressed either in terms of correlators
of special quantum fields known as branch point twist fields (for QFT) [10] or in terms of local
operators (for spin chain models) [63, 64]. In both cases the fields/operators involved act on
replica theories, that is models that are constructed as n non-interacting copies of the original
theory. The value of n defines the Rényi index for the Rényi entropy, whereas the von Neumann
entropy is obtained in the limit n Ñ 1. The process of replication gives rise to a new theory
which is symmetric under permutation of any of the copies. This includes symmetry under cyclic
permutation of copies and in QFT this symmetry gives rise to a quantum symmetry field, the
branch point twist field Tn. As it turns out, it is this cyclic permutation symmetry which plays
an important role in the context of entanglement. This can be motivated by the structure of
the manifold where the quantity TrAρ

n
A takes its values, as discussed in [1, 10] and many other

places. From these considerations it emerges that the Rényi entropies of a connected subsystem
extending from x “ 0 to x “ ` can be obtained from the equal-time correlator of two branch
point twist fields, thanks to the identification:

TrρnA “ ε4∆nn
LxΨ|Tnp0qT̃np`q|ΨynL , (11)
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where ε is a short-distance non-universal cut-off and ∆n is the conformal dimension of the branch
point twist field [1, 10,65,66]:

∆n “
c

24

ˆ

n´
1

n

˙

with c the central charge . (12)

Note that the expression (11) holds both at and away from criticality, and in the latter case
∆n is the conformal dimension of the branch point twist field in the CFT which describes the
short-distance (massless) limit of the QFT under consideration. In addition, T̃n “ T :n is the
hermitian conjugate of Tn, which from the symmetry viewpoint implements the reverse cyclic
permutation of copies. Finally, as introduced earlier, |ΨynL is a pure state in its replica version
(hence the index n) at finite volume L, that is the tensor product of n identical states. Because
of the definitions (2) differences of Rényi or von Neumann entropies are independent of ε. They
depend only on the ratio

RΨ
n p`, Lq :“

n
LxΨ|Tnp0qT̃np`q|ΨynL
n
Lx0|Tnp0qT̃np`q|0ynL

with RΨ
n prq :“ lim

LÑ8
RΨ
n prL, Lq , (13)

where |0ynL is the finite-volume replica ground state. In the scaling limit this becomes a function
of |Ψyn and r only and, for the states considered in the Introduction, is given by the same
equations (6), (7) and (8) if we set α “ 0.

Once this picture has been established, explicit computations are possible by different ap-
proaches. For instance, we may exploit conformal invariance for critical systems or employ an
expansion in terms of (finite-volume) matrix elements of Tn, typically the case in integrable
QFTs (see e.g. [67–70]). These matrix elements are called form factors and a programme for
their computation has long been one of the great achievements of IQFT [71,72]. For the branch
point twist field a generalised programme was developed in [10] and thereafter applied to many
different models.

2.2 Composite Branch Point Twist Fields

In [9] a generalisation of the branch point twist field formulation for the symmetry resolved
entanglement was proposed. The formulation is very natural and leads to the identification of
the charge moments with a two-point function

ZΨ
n pL, `;αq “ ε4∆α

nn
LxΨ|T α

n p0qT̃ α
n p`q|Ψy

n
L , (14)

in much the same spirit as (11). The new field T α
n and its conjugate are composite twist fields

(CTFs) which can be understood as the massive versions of the CFT field:

T α
n pyq :“ : T Vα : pyq “ n2∆α´1 lim

xÑy
|x´ y|2∆αp1´

1
n
q

n
ÿ

j“1

TnpyqVjαpxq , (15)

where Vα is the symmetry field associated with the internal symmetry of the theory. For instance,
for the complex free fermion and boson it will be a Up1q field with Up1q charge related to the
index α. ∆α is the conformal dimension of this field and Vjα is a copy of this field living in copy

5



j of the replica theory. In the context of entanglement, similar composite fields with the same
conformal dimension

∆α
n :“ ∆n `

∆α

n
, (16)

appeared first in [73–75], with the difference that, unlike in [9], in those papers the field Vα was
not assumed to be a symmetry field but a completely generic one.

The main result of this paper is the finding that, similar to the quantity (13), also the ratio
of the moments (14) between an excited state and the ground state takes a simple universal
form for many theories/excited states, as reviewed in the introduction. Thus, we are interested
in the quantity

MΨ
n pr;αq “ lim

LÑ8

n
LxΨ|T α

n p0qT̃ α
n prLq|Ψy

n
L

n
Lx0|T α

n p0qT̃ α
n prLq|0y

n
L

, (17)

which is a function of the ratio r, the charge α and the state |Ψyn. Let us now discuss how these
ratios may be computed in practise, employing a form factor approach.

3 Symmetry Resolved Entanglement of Excited States

The CTF approach provides for us a natural way to obtain the ratio of two-point functions,
that is the ratio of charged moments (17). Once we have computed the ratios MΨ

n pr;αq we will
see that at least for free theories and for other specific types of states (such as certain qubit
states) it is possible to also obtain the SREEs of the excited state. Let us start by performing
our computations in complex free bosons and fermions.

3.1 (Composite) Branch Point Twist Field Factorisation

The key technical problem that was solved in [51] is the question of how to evaluate finite
volume matrix elements of the branch point twist field. The same question arises for the CTF.
Although a finite volume form factor programme for generic local fields exists [76,77] this cannot
be directly employed for twist fields (its extension to this case is still an open problem). In the
absence of such a programme, an alternative approach can be used for complex free theories,
where the internal Up1q symmetry on each replica can be exploited to diagonalise the action of
the (composite) branch point twist field [78]. In fact, this diagonalisation procedure can also be
employed in infinite volume to compute the form factors of T α

n , as done in [27]. The idea is that
we can find a factorisation

T α
n “

n
ź

p“1

Tp`α , T̃ α
n “

n
ź

p“1

T´p´α , (18)

for complex free bosons and

T α
n “

n´1
2
ź

p“´n´1
2

Tp`α , T̃ α
n “

n´1
2
ź

p“´n´1
2

T´p´α , (19)
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for complex free fermions, of the CTFs where the factors Tp`α are all Up1q fields with Up1q
charge p ` α. These Up1q were employed in [27], albeit with a different normalisation of the
parameter α. These fields are the result of “fusing” two Up1q fields of charges p and α; the fields
Tp employed in [51] in terms of which the branch point twist field can be decomposed, and the
Up1q field Vα, which for free theories has dimension

∆α “
α2

2
for free fermions , (20)

∆α “
|α| ´ α2

2
for free bosons , (21)

The fact that in this special case both types of field are Up1q fields means that their fusion is
achieved just by adding their charges.

The fields Tp`α satisfy the usual equal-time exchange relations for Up1q fields, which involve
what is termed a factor of local commutativity γp`α “ expp2πipp` αq{nq, that is, the phase
that a neutral field ϕpxq accrues when taking a trip around the Up1q field. As reviewed in [51],
this factor is the key ingredient in determining the form factors of these fields.

3.2 Computation of MΨ
n pr;αq

The computation presented in [51] for the total entanglement entropy may be easily extended
to the case of the ratio MΨ

n pr;αq in excited states. First of all, a word is due regarding the
excited state |ΨynL. In general, any state in the replica QFT can be characterised in terms of
the rapidities and quantum numbers of the excitations above the ground state. Considering a
free complex theory, we may define creation operators paεjq

:pθq where ε “ ˘ is the Up1q charge
of the particle, j “ 1, . . . , n is the copy number, and θ is its rapidity. Unlike the works [50–53]
where complex theories were considered only in order to access results for real ones, here we are
interested in obtaining results for complex models. For this reason, the type of excited states
that we want to consider is in fact simpler and more natural than those studied in previous
works. The type of k-particle excited state that we are interested in consists of n identical
copies of a standard k-particle state

n
ź

j“1

paε1j q
:pθ1qpa

ε2
j q
:pθ2q ¨ ¨ ¨ pa

εk
j q
:pθkq|0y

n
L , (22)

where θi are the rapidities, ji the copy numbers and εi “ ˘ specifies the type of complex
boson/fermion that is created by the action of the creation operator paεijiq

:pθiq. Let us start by
considering the complex free boson case.

3.3 Complex Free Boson

In order to represent the state we need to move to a basis where the CTF action is diagonal
and factorised. In this basis, the state can be expressed in terms of creation operators a:jpθq and

b
:

jpθq associated with the two types of boson. They are related to the creation operators in the

7



standard basis as [51]

a
:
ppθq “

1
?
n

n
ÿ

j“1

e
2πijp
n pa`j q

:pθq and b
:
ppθq “

1
?
n

n
ÿ

j“1

e´
2πijp
n pa´j q

:pθq (23)

where p “ 1, . . . n. In summary, the two sets of creation operators are simply Fourier modes of
each other. This is also the case for free fermions, but the range of values of p is different, in
line with (19).

As an example, let us consider the case of one single excitation k “ 1. We will write the
state as |1εynL where ε “ ˘ represents the Up1q charge of boson type. In the original basis, this
would simply be the state paε1q

:pθqpaε2q
:pθq . . . paεnq

:pθq|0ynL, that is a state where a single complex
boson of rapidity θ and charge ε is present in each replica. In the diagonal basis, such a state
takes the form

|1`ynL “
ÿ

tN`u

AnptN
`uq

n
ź

p“1

ra:ppθqs
N`p |0ynp,L , |1´ynL “

ÿ

tN´u

AnptN
´uq

n
ź

p“1

rb:ppθqs
N´p |0ynp,L ,

(24)
where the indices tN˘u “ tN`1 , N

´
1 , . . . , N

`
n , N

´
n u are boson occupation numbers in each sector

and they are constrained by the condition that they must add up to n

n
ÿ

p“1

N˘p “ n . (25)

The coefficients AptN˘uq can be obtained systematically from the relationships (23) and their
inverses. Combining the factorisation of the CTF with the form of the state, we can then write
the two-point function as

n
Lx1

`|T α
n p0qT̃ α

n p`q|1
`ynL “

ÿ

tN`u

ÿ

tM`u

A˚nptN
`uq AnptM

`uq (26)

ˆ

n
ź

p“1

n
p,Lx0|rap pθqs

N`p Tp`αp0q T´p´αp`q ra:ppθqsM
`
p |0ynp,L .

n
Lx1

´|T α
n p0qT̃ α

n p`q|1
´ynL “

ÿ

tN´u

ÿ

tM´u

A˚nptN
´uq AnptM

´uq (27)

ˆ

n
ź

p“1

n
p,Lx0|rbp pθqs

N´p Tp`αp0q T´p´αp`q rb:ppθqsM
´
p |0ynp,L .

This can be computed in the standard way, by inserting a sum over a complete set of states
between the two Up1q fields as detailed in Appendix A. A particular subtlety of this kind
of computation is that, because of finite volume, the momenta/rapidities of excitations are
quantised and non-zero matrix elements correspond to particular quantisation conditions that
take the monodromy of the fields into account. In particular we have:

P pθ˘i q “ m sinh θ˘i “ 2πJ˘i ˘
2πpp` αq

n
, J˘i P Z , (28)

8



where θ˘i are understood as rapidities of particles of type a:jpθiq and b:jpθiq, respectively, which
would be present in the sum over intermediate states. Similarly the rapidity θ is also quantised
through P pθq “ 2πI for I P Z. Note the quantity p`α

n is never an integer for α P r´1
2 ,

1
2 s and

p ‰ n (p “ n corresponds to the identity field). This guarantees that only non-diagonal form
factors (that is matrix elements involving only distinct right and left states) will be involved in
the computation of the leading large-volume contribution to (26).

Once a sum over a complete set of states is inserted in (26) the problem reduces to the
computation of matrix elements of the Up1q fields Tp`α. Such matrix elements have been known
for a long time but they were re-derived in [27,51]. Because of the free nature of the theory, all
matrix elements are given in terms of permanents whose basic building block are the two-particle
form factors

fnp`αpθ12q “ px0|Tp`αp0q a:ppθ1qb
:
ppθ2q|0yp “ ´τp`α sin

πpp` αq

n

e

´

p`α
n
´ 1

2

¯

θ12

cosh θ12
2

, (29)

where τp`α is the vacuum expectation value of Tp`α and θ12 “ θ1 ´ θ2.
In summary, all results obtained in [51] follow through for the CTF with the replacement

p Ñ p ` α and the choice of an appropriate state. In particular, the ratio of the moments for
an excited state of one excitation are nearly identical to formula (4.19) in [51], namely

M1˘

n pr;αq “
ÿ

tN˘u

|AnptN
˘uq|2

n
ź

p“1

pN˘p !qrgn˘pp`αqprqs
N˘p “ e˘2πiαrn ` p1´ rqn , (30)

which is, as anticipated, the formula (6) and where

gnp prq :“ 1´ p1´ e
2πip
n qr . (31)

For free bosons, this can be generalised to states containing k identical excitations to find (7).
For states containing k different excitations (with different rapidities and any combination of
charges εi) the result is

M1ε1 ...1εk
n pr;αq “

k
ź

s“1

ÿ

tN˘u

|CnptN
˘uq|2

n
ź

p“1

N`p,s! N
´
p,s!

´

gnp`αprq
¯N`p,s

´

gn´p´αprq
¯N´p,s

“

k
ź

j“1

”

e2πiεjαrn ` p1´ rqn
ı

, (32)

where each εj in the excited state is either ` or ´. In particular, if all charges are identical, the
product may be replaced by a power k. In these formulae CnptN

˘u and AnptN
˘u are coefficients

which are determined by the form of the state in the diagonal basis. Both results are special
cases of (8). These formulae are also derived in Appendix A.

3.4 Complex Free Fermion

For complex free fermions the computation is very similar, but states involving identical exci-
tations are forbidden and the relationship between the original creation operators and those in
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the diagonal base is also slightly different. We now have

a
:
ppθq “

1
?
n

n
ÿ

j“1

e
2πijp
n pa`j q

:pθq and b
:
ppθq “

1
?
n

n
ÿ

j“1

e´
2πijp
n pa´j q

:pθq (33)

where p “ ´n´1
2 , . . . n´1

2 , in terms of operators pa˘j q
:pθq which anticommute for distinct values

of j. The Up1q twist field form factors are also modified to [82]

fnp`αpθ12q “ px0|Tp`αp0q a:ppθ1qb
:
ppθ2q|0yp “ iτp`α sin

πpp` αq

n

e

´

p`α
n

¯

θ12

cosh θ12
2

. (34)

The structure of a state consisting of a single particle excitation is as for the free boson, namely

|1`ynL “
n
ź

j“1

pa`j q
:pθq|0ynL “

n
ź

j“1

1
?
n

n´1
2
ÿ

p“´n´1
2

ωjpa:ppθq|0y
n
L , (35)

|1´ynL “
n
ź

j“1

pa´j q
:pθq|0ynL “

n
ź

j“1

1
?
n

n´1
2
ÿ

p“´n´1
2

ω´jpb:ppθq|0y
n
L , (36)

with ω “ e´
2πi
n . For instance, for n “ 2 we have:

|1`y2L “
1

2
pia:
´ 1

2

pθq ´ ia:1
2

pθqqp´a:
´ 1

2

pθq ´ a:1
2

pθqq|0y2L “ ´ia
:

´ 1
2

pθqa:1
2

pθq|0y2L , (37)

and

|1´y2L “
1

2
p´ib:

´ 1
2

pθq ` ib:1
2

pθqqp´b:
´ 1

2

pθq ´ b:1
2

pθqq|0y2L “ ib:
´ 1

2

pθqb:1
2

pθq|0y2L . (38)

Similarly, for n “ 3:

|1`y3L “ ia:´1pθqa
:
0pθqa

:
1pθq|0y

3
L , |1´y3L “ ´ib

:
´1pθqb

:
0pθqb

:
1pθq|0y

3
L. (39)

As we can see, due to the anticommutation relations amongst creation operators, many contri-
butions now cancel each other so that the states take extremely simple forms in the new diagonal
basis. One can easily show by induction that the general structure of the states (35) and (36)
is:

|1`ynL “ eiκ

n´1
2
ź

p“´n´1
2

a
:
ppθq|0y

n
L , |1´ynL “ e´iκ

n´1
2
ź

p“´n´1
2

b
:
ppθq|0y

n
L (40)

with κ a real parameter that can be computed for each specific state but will play not role in
our computation. Making use of the factorisation (19) we can expand the fermionic two-point
function in terms of a sum over the form factors (34). The details are presented in Appendix B.
For a state consisting of a single excitation the result is

M1˘

n pr;αq “

n´1
2
ź

p“´n´1
2

gn˘p˘αprq “

n´1
2
ź

p“´n´1
2

„

1´ p1´ e˘
2πipp`αq

n qr



.
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Since the quantities e˘
2πip
n are the nth roots of `1 for n odd, and the nth roots of ´1 for n

even, we can show:
n´1
2
ź

p“´n´1
2

px´ e˘
2πip
n yq “ xn ` p´yqn , (41)

which, after setting x “ 1´ r, y “ ´re˘
2πiα
n gives:

n´1
2
ź

p“´n´1
2

gn˘p˘αprq “ e˘2πiαrn ` p1´ rqn , (42)

that is, the same formula as for free bosons, albeit resulting from a rather different product of
g-functions. Similarly, all free boson formulae presented in the previous subsection are recovered
for free fermions, as long as we consider only distinct excitations. Further details are presented
in Appendix B.

4 Symmetry Resolved Entanglement Entropies

Having obtained the ratios of charged moments we now proceed to computing the SREE of
excited states. To this aim, we need to isolate the charge moments of the excited state and
then compute their Fourier transform as defined in (4). In other words, we need to multiply
our results of the previous sections by the ground state correlator in the infinite-volume limit
considered here. Note that this ground state correlator will generally be different for different
theories, even if they all satisfy the formulae (6)-(8).

For (local) 1+1D QFTs, such as complex free theories, the ground state correlator in our
scaling limit reduces to its disconnected part, that is the square of the vacuum expectation value
(VEV) of the field T α

n . This result follows simply from clustering of correlators in local QFT,
but can also be demonstrated explicitly from the finite volume expansion of the ground state
two point function. This expansion is presented in Appendix C for complex free fermions. In
particular, looking at equation (103) we can see how, despite the complexity of the expansion, in
infinite volume the only surviving term in the sum corresponds to the product of VEVs |τp`α|

2.
The same statement holds for complex free bosons, where the expansion is identical except for
the permutation signs, which are absent from the formula, and a small change to the exponential
factors. As mentioned earlier, it is also common to normalise the correlators by the inclusion of
a UV cut-off, so that the natural quantity to compute is

ZΨ
n pr;αq “ Z0

npαqM
Ψ
n pr;αq with Z0

npαq :“ ε4∆αxT α
n y

2 , (43)

where ZΨ
n pr;αq are the charged moments of the excited state in our particular scaling limit and

Z0
npαq are the moments of the ground state where xT α

n y is the VEV of the CTF. As we know,
from general dimensionality arguments as can be found for instance in [79], the VEV has a very
particular dependence on the mass scale and the conformal dimension of the CTF. In fact, we
have that

xT α
n y “ vαnm

4∆α
n , (44)
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where vαn is a function that depends on the model and can be determined by requiring CFT
normalisation of the CTF (that is, that the CFT two-point function has numerical coefficient
of 1) and ∆α

n is given by (16). The Fourier transform of the ground state moments has been
studied in detail for free QFTs in [26,27], thus we will not revisit its computation here. Instead,
we show that, assuming Z0

npαq to be known , it is possible to express the symmetry resolved
partition functions and entropies of excited states fully in terms of those of the ground state.
The reason for this is that the functions MΨ

n pr;αq depend on α in an extremely simple manner,
namely through factors of the form e˘2πijα only. Thus, in order to compute the SREE of an
excited state, the only non-trivial integrals that we need to consider are of the form

ˆ 1
2

´ 1
2

dαZ0
npαqe

´2πiαpq˘jq “ Z0
npq ˘ jq . (45)

For instance, using (6), the simple example of a single excitation of charge ε gives the following
relationship amongst partition functions

Z1ε

n pr; qq “ Z0
npq ´ εqr

n ` Z0
npqqp1´ rq

n . (46)

Therefore, the symmetry resolved Rényi and von Neumann entropies of such a state would be
given by formulae (9) and (10), respectively. They can in turn be written in terms of the SREE
and partition function of the ground state (i.e. eliminating derivative terms) by recalling that

BnZ0
npqq

ˇ

ˇ

ˇ

n“1
“ ´Z0

1 pqqrS
0
1pqq ´ logZ0

1 pqqs . (47)

Similar relations are found for more complicated cases, such as (7), that is an excited state of k
identical excitations of charge ε. In this case we find instead

Sk
ε

n pr; qq “
1

1´ n
log

řk
j“0

”

fkj prq
ın

Z0
npq ´ εjq

”

řk
j“0 f

k
j prqZ0

1 pq ´ εjq
ın , (48)

and the symmetry resolved von Neumann entropy

Sk
ε

1 pr; qq “ ´

řk
j“0

”

Z0
1 pq ´ εjqf

k
j prq log fkj prq ` f

k
j prq BnZ0

npq ´ εjq
ˇ

ˇ

n“1

ı

řk
j“0 f

k
j prqZ0

1 pq ´ εjq

` log
k
ÿ

j“0

fkj prqZ0
1 pq ´ εjq . (49)

Unlike for the charged moments, the entropies of other states are not simple sums/products of
the formulae above. However, the kind of integrals involved are of the same type so that the
computation can be performed in a similar manner for any excited state. As a last example,
let us consider the ratio of charged moments for an excited state of two particles of opposite
charges. We have that

Z1`1´

n pr; qq “

ˆ 1
2

´ 1
2

dαZ0
npαqpr

n ` e2πiαp1´ rqnqprn ` e´2πiαp1´ rqnqe´2πiαq

“ Z0
npqqpr

2n ` p1´ rq2nq ` pZ0
npq ´ 1q ` Z0

npq ` 1qqrnp1´ rqn , (50)
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so that the Rényi entropy is

S1`1´

n pr; qq “
1

1´ n
log

Z0
npqqpr

2n ` p1´ rq2nq ` pZ0
npq ´ 1q ` Z0

npq ` 1qqrnp1´ rqn

rZ0
1 pqqpr

2 ` p1´ rq2q ` pZ0
1 pq ´ 1q ` Z0

1 pq ` 1qqrp1´ rqsn
, (51)

from which the von Neumann entropy follows as above.

In conclusion, the SREE of the kind of excited states considered here can be expressed in
terms of the SREE and partition function of the ground state. This statement holds for any
systems where formulae (6)-(8) apply and where the ground state contribution is well-defined,
which, as we shall see below and in subsequent work [83], includes a wide range of models, well
beyond free QFTs.

5 Qubit States

Besides the QFT approach based on twist fields that we have presented so far, there are alter-
native ways in which the entanglement of excited states may be studied. In the works [50–52]
several models and approaches were considered, including the study of the entanglement of cer-
tain qubit states. In the present context, such states are also useful as they provide a simpler
way of obtaining our formulae for the ratios of charged moments, even if their associated SREEs
will be different, in fact much simpler than those of QFT states.

Considering the bipartite Hilbert space H “ HA bHĀ, where each factor can be related to
the Hilbert space for Nj sets of j indistinguishable qubits (with N “

ř

j Nj), we can construct
state of this Hilbert space H as

|Ψqby “
ÿ

qP
ś

jě1t0,1,...,ju
Nj

?
pq|qy b |q̄y (52)

where the function pq :“
ś

i f
qi
ji
prq (see the definition in (7)) represents the probability of finding

a particle configuration q “ tqi : i “ 1, . . . , Nu in the corresponding entanglement region and |q̄y
is the state where the qubits are inverted. The entanglement entropy associated with this state
captures the excess entanglement of an excited state containing Nj sets of j indistinguishable
excitations if we assume that the probability of finding an excitation in subsystem A is r.
We identify the qubit state 1(0) with the presence (absence) of a particle and the non-trivial
binomial coefficients account for the (un)distinguishability of excitations. Instead, in the case of
the SREE, a similar computation as performed in [51] gives the charged moments of the state.
Notice that, as explained in [9], only particles in subsystem A acquire a phase when they go
around a loop on the n-sheeted Riemann surface with the Aharonov-Bohm flux inserted. This
also means that, unlike for the entanglement entropies, the charge moments are not symmetric
under exchange of r and 1´ r, as we have seen in all our formulae so far.

Assuming that the charge operator associated with the internal symmetry is Q “ QAb1Ā`
1AbQĀ, that is the charge operator can be decomposed into its projections into regions A and
Ā, then

e2πiαQA |Ψqby “ e2πiαQA
ÿ

q

?
pq|qy b |q̄y “

ÿ

q

e2πiαpn`q ´n
´
q q
?
pq|qy b |q̄y , (53)
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where the summation is over q P
ś

jě1t0, 1, . . . , ju
Nj and n˘q is the number of positively/

negatively charged particles in subsystem A for a particular configuration q. Note that ρA and
QA share the same eigenbases and therefore commute. The charged moments of this qubit state
are given by the usual formula TrApρ

n
Ae

2πiαQAq so that, adapting this formula to our state and
using instead the notation ρq and Qq to denote the reduced density matrix and charge operator
associated with the qubit state (52), the charged moments become

Trpρnqe
2πiαQqq “

ÿ

q1

xq1|ρnq e
2πiαQq |q1y “

ÿ

q1

e
2πiαpn`

q1
´n´

q1
q
xq1|ρnq |q

1y . (54)

The density matrix can be written as:

ρq “ Trq̄p|ΨqbyxΨqb|q “
ÿ

q̄1

xq̄1|ΨqbyxΨqb|q̄
1y “

ÿ

q̄1

ÿ

q

pq δq̄,q̄1 |qyxq| , (55)

so that plugging this expression into (54) we obtain

Trpρnqe
2πiαQqq “

ÿ

q1

ÿ

q̄1

ÿ

q

e
2πiαpn`

q1
´n´

q1
q
pnq δq̄,q̄1 δq,q1 “

ÿ

q̄1

ÿ

q

e2πiαpn`q ´n
´
q q pnq δq̄,q̄1 , (56)

which reproduces all results (6), (7) and (8) upon specifying the corresponding qubit state. For
instance, for the simple case of a single excitation, the relevant state is

|Ψqby “
?
r|10y `

?
1´ r|01y , (57)

from which (6) is easily reproduced.

5.1 Symmetry Resolved Entanglement Entropies

We close this section by noting that for qubit states, the results obtained are directly the
moments of the state (i.e. we can think of the ground state as being trivial in these cases).
This means that the formulae (6)-(8) are directly the quantities we need to Fourier-transform
in order to obtain the SREEs. The simplicity of the formulae allows us to obtain the SREEs
exactly, something that is typically beyond reach for QFT. Noting that

ˆ 1
2

´ 1
2

dα e´2πiαx “
sinπx

πx
“ δx,0 for x P Z , (58)

it is easy to show that

S1ε

n pr; qq “
1

1´ n
log

«

δq,εr
n ` δq,0p1´ rq

n

`

δq,εr ` δq,0p1´ rq
˘n

ff

, (59)

and

Sk
ε

n pr; qq “
1

1´ n
log

řk
j“0

”

fkj prq
ın
δq,εj

”

řk
j“0 f

k
j prqδq,εj

ın , (60)
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from which the von Neumann entropies easily follow. Due to the simplicity of the states however,
we can easily see that all the entropies above are identically zero, whenever any of the delta-
functions is 1. This can be interpreted as the statement that the SREE does not give any
additional information about these states. Another way to put this, is to say that the only
property that matters in establishing formulae (59)-(60) is whether particles are distinguishable
or not and in both formulae particles are identical by construction, so that specifying the charge
does not add any relevant information.

The situation is different though if we consider states containing at least some distinct
excitations. For instance, for a state of k distinct excitations of the same charge ε we have that
the charged moments are given by

prn ` e2πiεαp1´ rqnqk “
k
ÿ

j“0

kCj p1´ rq
nje2πiεαjrnpk´jq , (61)

so performing the Fourier transform we get

S1ε1ε...1ε

n pr; qq “
1

1´ n
log

řk
j“0 kCj p1´ rq

njδq,εjr
npk´jq

”

řk
j“0 kCj p1´ rq

jδq,εjrpk´jq
ın , (62)

thus for a particular value of the charge we have

S1ε1ε...1ε

n pr; εjq “
1

1´ n
log

kCj p1´ rq
njrnpk´jq

“

kCj p1´ rqjrpk´jq
‰n “ log kCj . (63)

In this case the SREE tells us about the number of equally likely configurations which produce
a charge εj in region A and is independent of n. Many other configurations can be considered,
all of which produce different results, with similar interpretations. For instance, for a state with
one positively and one negatively charged particle, the Fourier transform of the function

prn ` e2πiαp1´ rqnqprn ` e´2πiαp1´ rqnq , (64)

gives the simple formula

S1`1´

n pr; qq “
1

1´ n
log

pr2n ` p1´ rq2nqδq,0 ` r
np1´ rqnpδq,1 ` δq,´1q

“

pr2 ` p1´ rq2qδq,0 ` rp1´ rqpδq,1 ` δq,´1q
‰n , (65)

and

S1`1´

n pr; 0q “
1

1´ n
log

r2n ` p1´ rq2n

pr2 ` p1´ rq2qn
, S1`1´

n pr;˘1q “ 0 . (66)

In this case the q “ 0 result is n-dependent and gives a non-trivial symmetry resolved von
Neumann entropy. In this example the SREE of the q “ 0 sector is non-trivial as there are
now two possible configurations that we can associate with such a charge, namely both particles
being in region A and no particle being in region A. Thus there is a difference in the SREEs
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Figure 1: Left: The symmetry resolved von Neumann entropy of the charge zero sector for
states of equal numbers k of identical positively and negatively charged particles. In the figure
k “ 1, 2, 3, 4 giving larger entropy for higher k. The maxima at r “ 1{2 are log 2, log 6, log 20
and log 70, that is logp2kq!´ 2 logpk!q which counts the number of distinct arrangements of two
groups of k identical particles. Right: The symmetry resolved Rényi entropy of the charge
zero sector of a state consisting of four identical positively and four identical negatively charged
excitations for n “ 2, 4, 8, 20. The larger n is, the more sharply peaked at r “ 1{2 the functions
become. The value at r “ 1{2 is log 70, independent of n.

of states involving two particles with the same or distinct charges, even for the simple states
considered here. Additional examples are presented in Fig. 1.

It is worth noting that all formulae in this section are in agreement with those in Section 4
if we identify the function (58) with the ground-state partition function Z0

npqq. Therefore, the
study of qubit states provides a neat application of the general results of Section 4 for the case
of a trivial, unentangled, ground state.

6 Conclusions

In this paper we have computed the symmetry resolved entanglement entropy and its moments
for zero-density excited states. These are defined as excited states consisting of a finite number
of excitations above the ground state in a scaling limit where both the volume of the system
and the volume of each subsystem are taken to infinity, keeping their ratio constant.

It is known from previous work [50–59] that the difference between the entanglement en-
tropy of the excited state and that of the ground state, also known as excess entropy, takes an
extremely simple and universal form for non-interacting 1+1D QFTs and also for certain highly
excited states of CFT [19]. Since this excess entanglement represents the extra contribution to
entanglement of an excited state above a non-trivially entangled ground state it has also been
realised that the same extra contribution is obtained when the ground state is trivial. For this
reason both a free QFT and a qubit picture lead to the same results, even if the underlying theo-
ries are extremely different. Finally, it has also been shown that the results extend to free bosons
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in any dimension [52] and more generally, to any situations where excitations are localised, in
the sense that either the correlation length or the De Broglie wave length of the excitations are
small compared to region sizes.

The results in this paper are extensions of the work we have just summarised and hold under
the same assumptions. However, while the work above dealt with the excess entanglement, the
present work deals with the SREE and its associated charged moments (that is, the Fourier
transform of the associated partition function). It turns out that the ratio of charged moments
between the excited and ground states, takes a universal form which is a simple generalisation
of the results for the excess entropy. While this generalisation is very natural and not difficult to
obtain from previous work, what is perhaps more novel and surprising is that from the ratio of
charged moments, provided these are well-defined in the infinite volume ground state, it is also
possible to obtain exact expressions for the SREE of the excited states. These expressions can
be written solely in terms of the SREE and symmetry resolved partition function of the ground
state, thus are again very widely applicable. In particular, when qubit states are considered,
totally explicit formulae for the SREEs can be obtained in this manner. Although the focus of
this paper has been on models with Up1q symmetry, we expect analogous formulae to hold for
other symmetries, both continuous and discrete.

There are various problems that we plan to address in the near future: extending our results
to interacting and higher dimensional theories as well as providing numerical verification of our
formulae. We will present these results in [83]. Looking further, we would like to extend these
results to the symmetry resolved negativity and to study finite-volume corrections employing the
form factor techniques presented here. It would also be interesting to investigate the correlation
functions of CTFs in infinite volume for free theories, along the lines of [80,81].
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A Complex Free Boson Computation

In this Appendix we present the form factor computation of the ratio of charge moments in
detail, focusing on the complex free boson theory.

A.1 Single-Particle Excited States

Once the two-point function in (26) is obtained we can compute it by inserting a sum over a
complete set of states between the Up1q fields as follows:

n
Lx1

`|T α
n p0qT̃ α

n p`q|1
`ynL “

ÿ

tN`u

ÿ

tM`u

A˚nptN
`uq AnptM

`uq

n
ź

p“1

8
ÿ

m˘“0

ÿ

tJ˘u

m`
ź

j“1

m´
ź

r“1

1

m`!m´!

ˆnp,Lx0|rap pθqs
N`p Tp`αp0qa:ppθ`j qb

:
ppθ

´
r q|0y

n
p,L ˆ

n
p,Lx0|appθ

`
j qbppθ

´
r qT´p´αp`q ra:ppθqsM

`
p |0ynp,L ,

(67)

and similarly for the |1´ynL case. Since the matrix elements involved are related to the infinite-
volume form factors, we can rewrite the previous expression up to exponentially decaying cor-
rections as

n
Lx1

`|T α
n p0qT̃ α

n p`q|1
`ynL “

ÿ

tN`u

ÿ

tM`u

A˚nptN
`uq AnptM

`uq

n
ź

p“1

8
ÿ

m˘“0

ÿ

tJ˘u

1

m`!m´!
(68)

ˆ
e
i`

ˆ

řm`

j“1 P pθ
`
j q`

řm´

r“1 P pθ
´
r q´M

`
p P pθq

˙

a

LEpθq
N`p `M

`
p śm`

j“1 LEpθ
`
j q

śm´

r“1 LEpθ
´
r q

Fn,p
N`p `m``m´

pθ`1 . . . θ
`

m`
, θ̂, . . . θ̂, θ´1 . . . θ

´

m´
q

ˆFn´p,n
M`
p `m``m´

pθ . . . θ, θ̂´1 . . . θ̂
´

m´
, θ̂`1 . . . θ̂

`

m`
q ,

being θ̂˘j “ θ˘j ` iπ, Epθq “ m cosh θ and P pθ˘j q, P pθq given by the Bethe-Yang quantisation
condition (28). The complete formula for the form factors above was given in [51] and they can
be fully expressed as sums of products of two-particle form factors. They are non-vanishing for
N`p “M`

p “ m` ´m´ and zero otherwise.

If the same intermediate rapidity θ`j is paired up in the Wick-contraction sense with the
rapidity of the excited state state θ from the in- an out-states, the dominant contribution in the
form factor product will come from kinematic poles. In other words, if θ`j „ θ two-particle form
factors will appear as follows:

Fn,p
N`p `m``m´

pθ`1 . . . θ
`

m`
, θ̂ . . . θ̂, . . . q „ N`p f

n
p`αpθ

`
j ´ θ̂q

ˆFn,p
N`p `m``m´´2

pθ`1 . . . θ
`
j´1θ

`
j`1 . . . θ

`

m`
, θ̂ . . . θ̂ . . . q

Fn´p,n
M`
p `m``m´

pθ . . . θ, . . . θ̂`1 . . . θ̂
`

m`
q „M`

p f
n
n´pp`αqpθ̂ ´ θ

`
j q

ˆFn´p,n
M`
p `m``m´´2

pθ . . . θ, . . . θ̂`1 . . . θ̂
`
j´1θ̂

`
j`1 . . . θ̂

`

m`
q,
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where the number of θ̂ (θ) in the arguments of the form factors in the right-hand side term are
now N`p ´ 1 (M`

p ´ 1). The main property of the matrix elements in (67) that determines the
final formula for (26) is the infinite volume limit of the terms such as

ÿ

J`PZ

fnp`αpθ
` ´ θ̂qfnn´p´αpθ ´ θ̂

`qei`pP pθ
`q´P pθqq

cosh θ cosh θ`
„

pmLq2
ÿ

J`i PZ

sin2 πpp`αq
n

π2

e2πirpJ`´I` p`α
n
q

pJ` ´ I ` p`α
n q

2
“ pmLq2gnp`αprq , (69)

with gnp`αprq the functions defined in (31) and the indices J`, I are integers resulting from the
quantisation conditions of the rapidities of intermediate states (28) and of the rapidity of the
physical one-particle state P pθq “ 2πI with I P Z. We can proceed in an analogous way for (27)
obtaining pmLq2gn

´pp`αqprq as the leading contribution.
Once all possible contractions with a rapidity of the excited in- and out- state have been

carried out, the leading large-volume contribution from the summation over the quantum number
J` is of order L0 and comes from terms with N “ M , as shown in Appendix B of [51]. It can
be written as

n
Lx1

`|T α
n p0qT̃ α

n p`q|1
`ynL “

ÿ

tN`u

|AnptN
`uq|2

n
ź

p“1

N`p !
”

gnp`αprq
ıN`p

8
ź

q`“0

8
ź

m´“0

1

q`!m´!

ÿ

tJ˘uPZ

ˆ
e
i`

ˆ

řq`

j“1 P pθ
`
j q`

řm´

r“1 P pθ
´
r q

˙

śq`

j“1 L
2Epθ`j q

śm´

r“1 L
2Epθ´r q

F p,n
q``m´

pθ`1 . . . θ
`

q`
, θ´1 . . . θ

´

m´
qFn´p,n

q``m´
pθ̂`1 . . . θ̂

`

q`
, θ̂´1 . . . θ̂

´

m´
q

with q` “ m` ´ N`p . Dividing by the finite-volume vacuum two-point function in the given

sector p
Lx0|Tpp0qT̃pp`q|0y

p
L we obtain the formula (30) for the ratio of moments of the SREE for

a one excitation state.

A.2 Free Boson (k “ 1,n “ 2)

In this section we work out an example in detail. Consider a single particle excited state
consisting of a complex boson excitation above the ground state. The relevant state is

pa`1 q
:pθqpa`2 q

:pθq|0y2L “
1

2
p´a

:
1pθq ` a

:
2pθqqpa

:
1pθq ` a

:
2pθqq|0y

2
L , (70)

so, comparing to the state (24) we have that A2p2, 0q “ ´A2p0, 2q “ ´
1
2 . Thus

M1`

n pr;αq “
2!

4
pg2

1`αprq
2 ` g2

2`αprq
2q

“
1

2

´

1´ r ` reπip1`αq
¯2
`

1

2

´

1´ r ` reπip2`αq
¯2

“
1

2
pp1´ rq2 ` r2e2πiα ´ 2rp1´ rqeiπα ` p1´ rq2 ` r2e2πiα ` 2rp1´ rqeiπαq

“ p1´ rq2 ` e2πiαr2 . (71)
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A.3 Multi-Particle Excited States

Below, we describe in detail the computation of the ratio of moments of the SREE for a state
consisting of k particle excitations with equal rapidities and charge signs. These states have the
form:

|k˘ynL “
n
ź

j“1

pa˘j q
:pθq|0ynL “

1

p
?
k!qn

ÿ

tN˘u

DnptN
˘uq

n
ź

p“1

„

´

ã˘p

¯:

pθq

N˘p

|0ynL (72)

where in the last equality we have used the expression of the creation operators in the diagonal
basis described in (23). The two point function would be:

n
Lxk

˘|T α
n p0qT̃ α

n p`q|k
˘ynL “

1

pk!qn

ÿ

tN˘u

ÿ

tM˘u

DnptN
`uq D˚nptM

`uq

n
ź

p“1

8
ÿ

m˘“0

ÿ

tJ˘u

m`
ź

j“1

m´
ź

r“1

1

m`!m´!

ˆnp,Lx0|rã
˘
p pθqs

N˘p Tp`αp0qa:ppθ`j qb
:
ppθ

´
r q|0y

n
p,L

n
p,Lx0|appθ

`
j qbppθ

´
r qT´p´αp`q rpã˘p q:pθqsM

˘
p |0ynp,L ,

(73)

where we have inserted a complete set of states between the two twist fields. Employing the
relation between these matrix elements and the finite volume form factors and the action of the
translation operator on energy states, we get:

n
Lxk

˘|T α
n p0qT̃ α

n p`q|k
˘ynL “

1

pk!qn

ÿ

tN`u

ÿ

tM`u

DnptN
`uq D˚nptM

`uq

n
ź

p“1

8
ÿ

m˘“0

ÿ

tJ˘u

1

m`!m´!

ˆ
e
i`

ˆ

řm`

j“1 P pθ
`
j q`

řm´

r“1 P pθ
´
r q´M

˘
p P pθq

˙

a

LEpθq
N˘p `M

˘
p śm`

j“1 LEpθ
`
j q

śm´

r“1 LEpθ
´
r q

Fn,p
N˘p `m``m´

pθ`1 . . . θ
`

m`
, θ̂, . . . θ̂, θ´1 . . . θ

´

m´
q

ˆFn´p,n
M`
p `m``m´

pθ . . . θ, θ̂´1 . . . θ̂
´

m´
, θ̂`1 . . . θ̂

`

m`
q .

Once all possible intermediate rapidities have been paired up with the same rapidity of the
excited state in both form factors and the contribution of the ground state factored out as
explained in previous sections, the leading large volume contribution of the ratio of moments
can be written as:

Mk˘

n pr;αq “
1

pk!qn

ÿ

tN˘u

|DnptN
˘uq|2

n
ź

p“1

N˘p !
´

gn˘pp`αqprq
¯N˘p

“

k
ÿ

p“0

»

–

˜

k
p

¸

rpp1´ rqk´p

fi

fl

n

e˘2πiαp . (74)

Nevertheless, for k-particle excitations with distinct rapidities there could be two different cases:

• k-particle excitations with distinct rapidities but equal charge sign

• k-particle excitations with distinct rapidities and charge sign
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We can summarize the computations for both cases if we consider the following ansatz for the
excited state:

|1ε1 1ε2 . . . 1εkynL “
k
ź

i“1

n
ź

j“1

paεij q
:pθiq|0y

n
L “

ÿ

tN˘u

CnptN
˘uq

k
ź

s“1

n
ź

p“1

ra:ppθsqs
N`p,srb:ppθsqs

N´p,s |0ynL (75)

where each εi with i “ 1, . . . , k could be ` or ´. If we consider k-particle excitations with
distinct rapidities but equal charge sign ` (´) then all the εi are the same sign and N´p,s (N`p,s)
vanish. Pairing up the intermediate rapidities with the same rapidity of the excited state in
both form factors means that

N´p,s `m
` “ N`p,s `m

´

m´ `M`
p,s “ m` `M´

p,s

in order for the matrix elements arising in the intermediate steps to be non-vanishing. Subtract-
ing the contribution of the ground state, the leading large volume contribution to the ratio of
moments can be written as:

M1ε1 1ε2 ...1εk
n pr;αq “

k
ź

s“1

»

–

ÿ

tN˘u

|CnptN
˘uq|2

n
ź

p“1

N`p,s! N
´
p,s! rg

n
p`αprqs

N`p,s rgn´p´αprqs
N´p,s

fi

fl . (76)

Notice that if we study k-particle excitations with distinct rapidities but equal charge sign this
last expression reduces to the following one:

M1˘ 1˘...1˘

n pr;αq “
k
ź

s“1

»

–

ÿ

tN˘u

|CnptN
˘uq|2

n
ź

p“1

N˘p,s! rg
n
˘pp`αqprqs

N˘p,s

fi

fl , (77)

with the conditions m¯ `M˘
p,s “ m˘ “ N˘p,s `m

¯ for the ˘ sign state.

A.4 Free Boson (k “ 2,n “ 2)

On the one hand, consider the following two-particle excited states with distinct rapidities:

|1`1`y2L “ pa`1 q
:pθ1qpa

`
1 q
:pθ2qpa

`
2 q
:pθ1qpa

`
2 q
:pθ2q|0y

2
L “

1

4

´

ra
:
1pθ1qs

2 ra
:
1pθ2qs

2

` ra
:
2pθ1qs

2 ra
:
2pθ2qs

2 ´ ra
:
1pθ2qs

2 ra
:
2pθ1qs

2 ´ ra
:
1pθ1qs

2 ra
:
2pθ2qs

2
¯

|0y2L , (78)

|1`1´y2L “ pa`1 q
:pθ1qpa

´
1 q
:pθ2qpa

`
2 q
:pθ1qpa

´
2 q
:pθ2q|0y

2
L “

1

4

´

ra
:
1pθ1qs

2 rb
:
1pθ2qs

2

` ra
:
2pθ1qs

2 rb
:
2pθ2qs

2 ´ ra
:
2pθ1qs

2 rb
:
1pθ2qs

2 ´ ra
:
1pθ1qs

2 rb
:
2pθ2qs

2
¯

|0y2L . (79)
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Hence the ratio of the moments of the SREE for these excited states are given by

M1`1`

2 pr;αq “
1

4

´

rg2
1`αprqs

4 ` rg2
2`αprqs

4 ` 2 rg2
1`αprqs

2 rg2
2`αprqs

2q

¯

“

´

p1´ rq2 ` r2e2πiα
¯2

, (80)

M1`1´

2 pr;αq “
1

4

´

rg2
1`αprqs

2 rg2
´1´αprqs

2 ` rg2
2`αprqs

2 rg2
´2´αprqs

2 ` rg2
1`αprqs

2 rg2
´2´αprqs

2

`

”

g2
´1´αprqs

2 rg2
2`αprqs

2
¯

“

´

p1´ rq2 ` r2e2πiα
¯´

p1´ rq2 ` r2e´2πiα
¯

. (81)

On the other hand, consider the following two-particle excited state with coinciding rapidity:

|2´y2L “ rpa´1 q
:pθqs2 rpa´2 q

:pθqs2|0y2L

“
1

8

´

rb
:
1pθqs

4 ` rb
:
2pθqs

4 ´ 2rb:1pθqs
2 rb

:
2pθqs

2
¯

|0y2L . (82)

Hence the ratio of moments of the SREE for this excited states can be written as

M2´

2 pr;αq “
1

82
p4! rg2

´1´αprqs
4 ` 4! rg2

´2´αprqs
4 ` 42 rg2

´1´αprqs
2 rg2

´2´αprqs
2q

“ p1´ rq4 ` 4 r2p1´ rq2e´2πiα ` e´4πiαr4 . (83)

B Complex Free Fermion Computation

In this Appendix we present the form factor computation of the ratio of charge moments in
detail, focusing on the complex free fermion theory.

B.1 Single-Particle Excited States

Below, we present the explicit computation of the fermionic two-point function in an excited
state consisting of a single positively-charged particle. Thanks to the factorisation (19), the
latter can be cast as:

n
Lx1

`|T α
n p0qT̃ α

n p`q|1
`ynL

“

n´1
2
ź

p“´n´1
2

n
p,Lx0|ap pθq Tp`αp0q T´p´αp`q a:ppθq |0ynp,L

“

n´1
2
ź

p“´n´1
2

8
ÿ

s“0

ÿ

tJ˘i u

1

s!ps` 1q!
n
p,Lx0|ap pθq Tp`αp0q a:ppθ1q . . . a

:
ppθs`1qb

:
ppθs`2q . . . b

:
ppθ2s`1q|0y

n
p,L

ˆ n
p,Lx0|ap pθ1q . . . appθs`1qbppθs`2q . . . bppθ2s`1qT´p´αp0q a:ppθq|0ynp,Lei`p

ř2s`1
i“1 P pθiq´P pθqq

“

n´1
2
ź

p“´n´1
2

8
ÿ

s“0

ÿ

tJ˘i u

∣∣∣F p`α,n2s`2 pθ1, . . . , θs`1; θ ` iπ, θs`2, . . . , θ2s`1q

∣∣∣2
s!ps` 1q!LEpθq

ś2s`1
i“1 pθiqLEpθiq

ei`p
ř2s`1
i“1 P pθiq´P pθqq , (84)
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where the resolution of the identity is inserted in such a way as to preserve the total charge of
the one-particle state and the Bethe quantum numbers tJ˘i u are defined as in (28). Notice that
since the excitations are fermionic, one could either have J˘i P Z or J˘i P Z`

1
2 : for the sake of

simplicity we will consider the case where these numbers are integer.
The non-vanishing contributions in the LÑ `8 limit come from the terms in the previous

expression in which the rapidity of the excited state is contracted with θi, i “ 1, . . . , s ` 1 in
both form factors. The s` 1 possible contractions in F p`α,n2s`2 give rise to:

F p`α,n2s`2 pθ1, . . . , θs`1; θ̂, θs`2, . . . , θ2s`1q

„ fnp`αpθi ´ θ̂qF
p`α,n
2s pθ1, . . . , θ̌i, . . . , θs`1; θs`2, . . . , θ2s`1q (85)

where around the pole:

fnp`αpθi ´ θ̂q „
θ„θi

mL sin πpp`αq
n cosh θ e

iπpp`αq
n

πpJ`i ´ I `
p`α
n q

(86)

so that, considering also the contraction coming from the conjugate form factor, we can sepa-
rately perform the s` 1 summations over the quantum numbers J`i as

ÿ

J`i PZ

∣∣∣fnp`αpθi ´ θ̂q∣∣∣2 ei`pP pθiq´P pθqq
Lm cosh θ Lm cosh θi

„
θ„θi

ÿ

J`i PZ

sin2 πpp`αq
n e

2πir
´

J`i ´I`
p`α
n

¯

π2pJ`i ´ I `
p`α
n q

2
“ gnp`αprq . (87)

We therefore obtain, in the limit L, `Ñ8 and for fixed r:

n
Lx1

`|T α
n p0qT̃ α

n p`q|1
`ynL

“

n´1
2
ź

p“´n´1
2

gnp`αprq
8
ÿ

s“0

1

ps!q2

ÿ

tJ˘i u

∣∣∣F p`α,n2s pθ1, . . . , θs;β1, . . . , βsq
∣∣∣2 ei`

řs
i“1pP pθiq`P pβiqq

śs
i“1 LEpθiqLEpβiq

“

n´1
2
ź

p“´n´1
2

gnp`αprq ˆ
n
p,Lx0|T αp0qT̃ αp`q|0ynp,L (88)

where we re-labelled the rapidities of the negatively charged intermediate states: β1 “ θs`2, . . . , βs “
θ2s`1. We can now make use of (42) in the evaluation of the ratio, so that we finally obtain for
the free fermionic one-particle states:

M1`

n pr;αq “

n´1
2
ź

p“´n´1
2

gnp`αprq “ p1´ rq
n ` e2πiαrn . (89)

An analogous result can be obtained for a negatively charged particle, where the phase above
picks up an extra minus sign.
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B.2 Multi-Particle Excited States

The anti-commuting nature of the creation/annihilation operators allows us to obtain an exact
expression for the ratio of the charge moments in the fermionic case, which (unlike for the free
boson) does not require a case-by-case calculation. This is because in the free fermion case, the
structure of the states in the transformed base is extremely simple, as we shall see. We have
non-vanishing two-point functions only with two kind of states:

• k-particle excitations with distinct rapidities, irrespective of the charge signs;

• 2-particle excitations with equal rapidities and different charge signs: |1`1´ynL .

Below, we consider in detail the case of k-particle states with distinct rapidities. Such states are
written exactly as in the bosonic case:

|1ε1 1ε2 . . . 1εkynL “
k
ź

i“1

n
ź

j“1

paεij q
:pθiq|0y

n
L , (90)

where εi “ ˘1, θi ‰ θi1 if i ‰ i1. Unlike the bosonic case, however, all the operators anti-
commute, so that we can make the ansatz:

|1ε1 1ε2 . . . 1εkynL “ eiκ

n´1
2
ź

p“´n´1
2

k
ź

i“1

paεip q
:pθiq|0y

n
L , (91)

with the identification pa`p q
:pθiq “ a

:
ppθiq, pa

´
p q
:pθiq “ b

:
ppθiq and the only unspecified parameter

is the phase κ “ κpk, n; tεiuq. Notice that the order of the operators in the double product can
be arbitrarily altered, resulting only in a change in the phase. Without giving a full proof of
the validity of this formula, let us consider a few simple cases and introduce the notations k˘ to
indicate the number of positively/negatively charged excitations in the state, with k “ k``k´:

• n “ 2, k` “ 2:

|1`1`y2L “
2
ź

i“1

2
ź

j“1

1
?

2

1
2
ÿ

p“´ 1
2

e´
2πijp

2 a
:
ppθiq|0y

2
L

“
1

4

2
ź

i“1

pia:
´ 1

2

pθiq ´ ia
:
1
2

pθiqqp´a
:

´ 1
2

pθiq ´ a
:
1
2

pθiqq|0y
2
L

“
1

4

2
ź

i“1

p´2ia:
´ 1

2

pθiqa
:
1
2

pθiqq|0y
2
L “ ´

1
2
ź

p“´ 1
2

2
ź

i“1

a
:
ppθiq|0y

2
L
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• n “ 2, k` “ 2, k´ “ 1:

|1`1`1´y2L “

¨

˚

˝

2
ź

i“1

2
ź

j“1

1
?

2

1
2
ÿ

p“´ 1
2

e´
2πijp

2 a
:
ppθiq

˛

‹

‚

2
ź

j“1

1
?

2

1
2
ÿ

p“´ 1
2

e
2πijp

2 b
:
ppθ3q|0y

2
L

“

¨

˝

1

4

2
ź

i“1

p´2ia:
´ 1

2

pθiqa
:
1
2

pθiqq

˛

‚

1

2
p2ib:

´ 1
2

pθ3qb
:
1
2

pθ3qq|0y
2
L

“ ´i

1
2
ź

p“´ 1
2

¨

˝

2
ź

i“1

a
:
ppθiq

˛

‚b
:
ppθ3q|0y

2
L

• n “ 3, k` “ 2:

|1`1`y3L “
2
ź

i“1

3
ź

j“1

1
?

3

1
ÿ

p“´1

e´
2πijp

3 a
:
ppθiq|0y

3
L

“

2
ź

i“1

1

3
3
2

´

e
2πi
3 a
:
´1pθiq ` a

:
0pθiq ` e

´ 2πi
3 a
:
1pθiq

¯

ˆ

´

e
4πi
3 a
:
´1pθiq ` a

:
0pθiq ` e

´ 4πi
3 a
:
1pθiq

¯

pa
:
´1pθiq ` a

:
0pθiq ` a

:
1pθiqq|0y

3
L

“ ´

1
ź

p“´1

2
ź

i“1

a
:
ppθiq|0y

3
L

For a fixed value of n, the structure of more complicated states can be easily worked out following
these simple examples. Using equation (91) and the twist field factorisation (19), the two-point
function reads:

n
Lx1

ε1 1ε2 . . . 1εk |T α
n p0qT̃ α

n p`q|1
ε1 1ε2 . . . 1εkynL

“

n´1
2
ź

p“´n´1
2

n
p,Lx0|appθ1q . . . appθk`qbppβ1q . . . bppβk´qTp`αp0qT´p´αp`qa:ppθ1q . . . a

:
ppθk`qb

:
ppβ1q . . . b

:
ppβk´q|0y

n
p,L

“

n´1
2
ź

p“´n´1
2

8
ÿ

s“0

ÿ

tJ˘i u

1

s!ps` qq!
e
i`

ˆ

řq`s
i“1 P pθ̃iq`

řs
i“1 P pβ̃iq´

řk`

i“1 P pθiq´
řk´

i“1 P pβiq

˙

ˆ n
p,Lx0|appθ1q . . . appθ

`
k qbppβ1q . . . bppβk´qTp`αp0qa:ppθ̃1q . . . a

:
ppθ̃q`sqb

:
ppβ̃1q . . . a

:
ppβ̃sq|0y

n
p,L

ˆ n
p,Lx0|appθ̃1q . . . appθ̃q`sqbppβ̃1q . . . bppβ̃sqT´p´αp0qa:ppθ1q . . . a

:
ppθk`qb

:
ppβ1q . . . b

:
ppβk´q|0y

n
p,L .

(92)

In the expansion above we assumed the total charge of the excited state to be positive, q ”
k` ´ k´ ą 0. However, the computation steps are unchanged if one assumes q ă 0, the only
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difference being in the structure of the resolution of the identity. Denoting x̂ :“ x ` iπ, the
infinite-volume form factor corresponding to the first matrix element reads:

F p`α,nq`2s`kpθ̃1, . . . , θ̃q`s, β̂1, . . . , β̂k´ ; β̃1, . . . , β̃s, θ̂1, . . . , θ̂k`q , (93)

where the total charge conservation is ensured by the equality q ` s ` k´ “ s ` k`. When
turning to the finite-volume, one needs to divide the previous infinite-volume form factor by a
quantity:

»

–

q`s
ź

i“1

LEpθ̃iq
k´
ź

i“1

LEpβiq
s
ź

i“1

LEpβ̃iq
k`
ź

i“1

LEpθiq

fi

fl

1
2

. (94)

Taking into account also the conjugate form factor, this results into a factor „ L´q´2s´k for
every term in the expansion (92), and the latter reads:

n´1
2
ź

p“´n´1
2

8
ÿ

s“0

ÿ

tJ˘i u

1

s!ps` qq!
e
i`

ˆ

řq`s
i“1 P pθ̃iq`

řs
i“1 P pβ̃iq´

řk`

i“1 P pθiq´
řk´

i“1 P pβiq

˙

ˆ

∣∣∣F p`α,nq`2s`kpθ̃1, . . . , θ̃q`s, β̂1, . . . , β̂k´ ; β̃1, . . . , β̃s, θ̂1, . . . , θ̂k`q
∣∣∣2

śq`s
i“1 LEpθ̃iq

śk´

i“1 LEpβiq
śs
i“1 LEpβ̃iq

śk`

i“1 LEpθiq
. (95)

In the LÑ8 limit, the leading contributions are those coming from simultaneous contractions
in both form factors. In turn, in each form factor the simple poles arise from the pairings
of the rapidities θ̂i with θ̃i (these are at most k` contractions) and from the pairings of the
rapidities β̂i with β̃i (these are at most k´ contractions). Again, these pairings have to be made
simultaneously. The terms with s ă k´ (or equivalently q ` s ă k`) do not contribute in the
L Ñ 8 limit, as they contain some extra factors of L in the denominator. On the other hand,
the terms with s ą k´ contain a sum of k`!k´! products of the form:∣∣∣fnp`αpθ̃i ´ θ̂jqfnp`αpβ̂i1 ´ β̃j1q∣∣∣2 ˆ residual form factors .

By making use of (86), the simultaneous expansion around the poles leads to the following
leading contribution:

ÿ

J`i ,J
´

j1

∣∣∣fnp`αpθ̃i ´ θ̂jqfnp`αpβ̂i1 ´ β̃j1q∣∣∣2
cosh θ̃i cosh θi coshβi1 cosh β̃j1

ei`rP pθ̃iq´P pθjq`P pβ̃j1 q´P pβi1 qs

„ pmLq4
ÿ

J`i PZ

sin2 πpp`αq
n

π2

e2πirpJ`i ´Ij`
p`α
n
q

pJ`i ´ Ij `
p`α
n q

2

ÿ

J´
j1
PZ

sin2 πpp`αq
n

π2

e
2πirpJ´

j1
´Ii1´

p`α
n
q

pJ´j1 ´ Ii1 ´
p`α
n q

2

“ pmLq4gnp`αprqg
n
´p´αprq . (96)
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Since each of the k`!k´! terms in the sum contains exactly k` functions gnp`α and k´ functions
gn´p´α we have, relabelling m “ s´ k´ and in the limit L , `Ñ8, r fixed:

n
Lx1

ε1 1ε2 . . . 1εk |T α
n p0qT̃ α

n p`q|1
ε1 1ε2 . . . 1εkynL

“

n´1
2
ź

p“´n´1
2

8
ÿ

m“0

ÿ

tJ˘i u

1

pm!q2
pgnp`αprqq

k`pgn´p´αprqq
k´

ˆei`
řm
i“1pP pθ̃iq`P pβ̃iqq

∣∣∣F p`α,n2m pθ̃1, . . . , θ̃m; β̃1, . . . , β̃mq
∣∣∣2

śm
i“1 LEpθ̃iqLEpβ̃iq

“

¨

˚

˝

n´1
2
ź

p“´n´1
2

gnp`αprq

˛

‹

‚

k`¨

˚

˝

n´1
2
ź

p“´n´1
2

gn´p´αprq

˛

‹

‚

k´

n
Lx0|T α

n p0qT̃ α
n p`q|0y

n
L (97)

and therefore, thanks to (19), the ratio of charge moments is:

M1˘1˘...1˘

n pr;αq “ pp1´ rqn ` e2πiαrnqk
`

pp1´ rqn ` e´2πiαrnqk
´

. (98)

C Finite-Volume Two-Point Function in the Ground State

In this Appendix we want to investigate the large volume expansion of the correlator

n
Lx0|T α

n p0qT̃ α
n prLq|0y

n
L , (99)

which is the denominator of the ratio of charge moments MΨ
n pr;αq in (17). We show that,

as expected, the leading contribution as L Ñ `8 is given by the squared modulus of the
vacuum expectation value of the composite twist field T α

n , and we compute the first finite-
volume corrections to this quantity. The calculations are carried out in the fermionic case, but
they apply to the free boson case with few changes.

The first step in the evaluation of (99) is as usual the insertion of a projection onto asymptotic
states:

n
Lx0|T α

n p0qT̃ α
n p`q|0y

n
L “

n´1
2
ź

p“´n´1
2

n
p,Lx0|Tp`αp0q T´p´αp`q |0ynp,L

“

n´1
2
ź

p“´n´1
2

8
ÿ

s“0

ÿ

tJ˘i u

1

ps!q2
n
p,Lx0|Tp`αp0q a:ppθ1q . . . a

:
ppθsqb

:
ppβ1q . . . b

:
ppβsq|0y

n
p,L

ˆ n
p,Lx0|ap pθ1q . . . appθsqbppβ1q . . . bppβsqT´p´αp0q|0ynp,Lei`

řs
i“1pP pθiq`P pβiqq

“

n´1
2
ź

p“´n´1
2

8
ÿ

s“0

ÿ

tJ˘i u

∣∣∣F p`α,n2s pθ1, . . . , θs;β1, . . . , βsq
∣∣∣2

ps!q2
śs
i“1 L

2EpθiqEpβiq
ei`

řs
i“1pP pθiq`P pβiqq .

(100)
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Notice that the equal number of particles of the two types is dictated by the fact that twist
fields preserve the total charge of the state. In a free fermion theory, the infinite-volume form
factor of an even number of particle is given by Wick’s theorem:

F p`α,n2s pθ1, . . . , θs;β1, . . . , βsq “
ÿ

σPPs

τp`α sgnσ
s
ź

i“1

fnp`αpθσpiq ´ βiq

τp`α
(101)

where the fermionic two-particle form factor was given in (34) so that the squared modulus of
the 2s-particle form factor is a sum of ps!q2 terms, each of which is a product of s terms of the
type

fnp`αpθi ´ βjqf
n
p`αpθk ´ βjq

˚∣∣τp`α∣∣2 “ sin2 πpp` αq

n

e
p`α
n
pθi`θk´2βjq

cosh
θi´βj

2 cosh
θk´βj

2

. (102)

We can therefore explicitly rewrite (100) as:

n
Lx0|T α

n p0qT̃ α
n p`q|0y

n
L “

n´1
2
ź

p“´n´1
2

∣∣τp`α∣∣2 8
ÿ

s“0

sin2s πpp`αq
n

ps!q2pmLq2s

ÿ

tJ˘i u

ÿ

σ,ωPPs

sgnσ sgnω

ˆ

s
ź

i“1

ei`pP pθiq`P pβiqq

cosh θi coshβi

e
p`α
n
pθσpiq`θωpiq´2βiq

cosh
θσpiq´βi

2 cosh
θωpiq´βi

2

. (103)

From this expression we easily see that the vacuum expectation value is corrected by contribu-
tions of multi-particle states, and that in general every 2s-particle state (containing s particles
with positive charge and s particles with negative charge) contributes with a leading large-
volume term „ pmLq´2s. Further corrections can be obtained by working out how the product
in the second line of (103) depends on L. This is done by solving the Bethe equations for sinh θi
and sinhβi:

sinh θi “
2π

´

J`i `
p`α
n

¯

mL
”

c`i
mL

, (104)

sinhβi “
2π

´

J´i ´
p`α
n

¯

mL
”

c´i
mL

. (105)

Where either J`i , J
´
i P Z or J`i , J

´
i P Z`

1
2 . Let us consider in detail the expansion up to s “ 1

terms, assuming that J`1 , J´1 P Z. Some elementary algebra shows that:

e2pθ1´β1q
p`α
n

cosh2 θ1´β1
2

“ 1` 2

ˆ

p` α

n

˙

c`1 ´ c
´
1

mL
`O

ˆ

1

pmLq2

˙

(106)

and:
ei`pP pθ1q`P pβ1qq

cosh θ1 coshβ1
“ e2πirpJ`1 `J

´
1 q

˜

1´
pc`1 q

2 ` pc´1 q
2

2pmLq2
`O

ˆ

1

pmLq4

˙

¸

. (107)
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Thus we have:

n
Lx0|T α

n p0qT̃ α
n p`q|0y

n
L “

n´1
2
ź

p“´n´1
2

∣∣τp`α∣∣2
»

—

–

1`
sin2 πpp`αq

n

pmLq2

ÿ

J`1 ,J
´
1 PZ

e2πirpJ`1 `J
´
1 q

˜

1` 2

ˆ

p` α

n

˙

c`1 ´ c
´
1

mL
`O

ˆ

1

pmLq2

˙

¸

fi

ffi

fl

.

(108)

We immediately notice that there is no contribution of order „ pmLq´2, as we can regularise
the non convergent double sum:

ÿ

J`1 ,J
´
1 PZ

e2πirpJ`1 `J
´
1 q “

¨

˝

ÿ

JPZ
e2πirJ

˛

‚

2

“ 0 , (109)

as was shown in Appendix C of [51]. Considering the „ pmLq´3 term we have to evaluate the
double sum:

ÿ

J`1 ,J
´
1 PZ

e2πirpJ`1 `J
´
1 qpJ`1 ´ J

´
1 q ,

which can also be shown to be zero. This means that first finite volume correction to the ratio of
moments of the SREE is of order pmLq´4, which is a bit more involved as it picks a contribution
also from the first term with s “ 2. Investigating these corrections is beyond the scope of this
paper, but we expect to return to this problem and consider finite volume corrections to the
excess (total) entropy in future work.
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Entanglement Entropy, Phys. Rev. Lett. 121, 150501 (2018).

[35] H. Barghathi, E. Casiano-Diaz, and A. Del Maestro, Operationally accessible entanglement
of one-dimensional spinless fermions, Phys. Rev. A100, 022324 (2019).

[36] S. Murciano, G. D. Giulio, and P. Calabrese, Symmetry resolved entanglement in gapped
integrable systems: a corner transfer matrix approach, SciPost Phys. 8, 46 (2020).

[37] P. Calabrese, M. Collura, G. Di Giulio, and S. Murciano, Full counting statistics in the
gapped XXZ spin chain, EPL 129(6), 60007 (2020).

[38] G. Parez, R. Bonsignori, and P. Calabrese, Quasiparticle dynamics of symmetry-resolved
entanglement after a quench: Examples of conformal field theories and free fermions, Phys.
Rev. B103, L041104 (2021).

31

http://arxiv.org/abs/2108.10935


[39] M. T. Tan and S. Ryu, Particle number fluctuations, Rényi entropy, and symmetry-resolved
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