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1. Introduction

As is well known, Catalan’s constant, denoted by G throughout our paper, as is
customary nowadays, is defined by (see, e.g., [1, 2])
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Catalan’s constant appears in the number theory, combinatorics, and different areas
of mathematical analysis, but is not so frequent in applied fields, and in particular
in the quantum realm, where only scarce and abstruse references are found: it
appears when studying finite-size effects in two-dimensional lattice six vertex models
working with relativistic string models [3]; it also comes out when evaluating form
factors as auxiliary objects in order to compute correlation functions in homogeneous
sine-Gordon models [4]; the so-called “quantum deformations” of Catalan’s constant
were studied [5], although the name “quantum” is purely ornamental; finally, G
emerges when solving an integral that originates from the use of hyperbolic geometry
in quantum field theory and also from the reduction of a multidimensional Feynman
integral in [6].

As pointed out in [2], what is remarkable about G is that it is not yet known
whether this number is irrational. By quoting those authors, “this remains a stubbornly
unsolved problem”. Furthermore, an intriguing fact about Catalan’s constant is that
quite a few definite integrals, arising in various contexts, can be expressed in terms
of G, most of which are listed in [2].

In this work we are going to show how Catalan’s constant appears in relation
to a certain integral operator that can be written exclusively in terms of the
eigenfunctions of the quantum harmonic oscillator.

2. Evaluation of the series

The following series
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may be of some interest in mathematical physics given that a certain quantity related

to 5
H()—E(—E-FX), (3)

the Hamiltonian of the quantum harmonic oscillator, can be written explicitly in
terms of (2).
Here we are using the well-known eigenfunctions of the harmonic oscillator
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H,(x) being the n-th Hermite polynomial (see [1, 7, 8]). It is well known (see [1])

that
H2a(0) = (-1 2.

Then, taking the fourth power of (4) and using the previous result, we get
2n)*  [(2n-DN]?
n24n ()14 g2 (n)12

At this stage we wish to provide an example attesting the relevance of the
aforementioned series (2) in relation to the harmonic oscillator. First, for any E < %
we consider the integral operator whose kernel is given by

¥3,(0) = (5)
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After denoting the restriction of Hy to [¢o]* by HOZl and setting E = %, we consider
the integral operator whose kernel is given by

By = 6’_% lHOZl - %}_4 (x,y)=e XT Z wn(x)w”(y) 1/41//0()() Z lﬁn(x)ll’ln(Y) ‘
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Of course, the products involving By, and its adjoint B} /2 give rise to the positive
operators
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The latter operators are reminiscent of

=
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the Birman—Schwinger type operators used in our papers on the harmonic oscillator
perturbed by an attractive Gaussian potential [9, 10] (see also the analogous papers
on the negative Laplacian perturbed by the same attractive Gaussian potential in
one dimension [11, 12]).

The operator defined by (6), being the limit of a sequence of finite rank operators
in the norm topology, is compact. Furthermore, it is worth noting that the sequence
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is not square summable since, by taking advantage of Wang’s results [9, 10, 13, 14],
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diverges given that wgn(O) behaves like n? (see [9, 10, 14-26]). However, it is
p-summable for any p > 2, so that
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It is worth pointing out that this series contains w‘z‘n(O) in the numerator of its
sequence, differently from the series appearing in various models involving point
perturbations of the quantum harmonic oscillator (see the articles cited earlier), which
instead share z/r%n(O) in the numerator of their sequences. As a result, we cannot
expect to express the series in terms of a ratio of Gamma functions, as was done in
the above-mentioned papers. As will be shown next, the series (2) can be computed
analytically. Although this fact is not entirely new (see [27] p. 472 as well as
[28] investigating a series very closely related to ours by means of hypergeometric
functions), we believe it may be worth obtaining the result by relying exclusively
on the properties of the eigenfunctions of the harmonic oscillator combined with
those of the complete elliptic integral of the first kind.

THEOREM 1. The positive series (2) converges and
0 2
S = Z‘/'Z"( ) = = [nIn2-26G]. 8)

where G is Catalan’s constant.

Proof: As anticipated earlier, ¥,(0) behaves like n™'/* as n — +co, so that
the strictly positive sequence inside the sum behaves like n2 as n — +oco, which
ensures the convergence of the series.

First of all, we notice that

(9]

1 17>
P Zl//zn() ;%ﬁgn(o)/o L1 dx:/{) [;w;‘n(O)x”‘l dx

As follows in a rather straightforward manner from the definition of the normalised
eigenfunctions of the harmonic oscillator, the value of w‘z‘n(O) is given by (4), so
that the series inside the square brackets on the rhs of (9) becomes
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As can be checked by using mathematical induction, the latter series can be written
in terms of the expansion of K(x?), the complete elliptic integral of the first kind
defined by

! dt
2\ _
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Hence,
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By integrating the rhs of (13) from 0 to 1, we get
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The latter integral integral can be evaluated as follows, taking into account that
K(0)=n/2,

d L g 1 dt b dr
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where we have just interchanged the integrals in the variables ¢ and m. The integral
in m can be evaluated straightforwardly, and then
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After setting f =sin2¢ in the last integral, we get

/4 /4
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As is well known, one of the representations of Catalan’s constant is the following
integral

/4 P /4
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0 0
Then, the remaining integral in (17) can be evaluated and we get
J:%ln2+2(G—gln2):2G—gln2, (19)
implying from (16) that
n*S=2r1n2 - 4G, (20)
which completes the proof of our claim (8). O

As an immediate consequence of the previous theorem we get the following
evaluation of the series (7),

(]
n=1

We wish to remind the reader acquainted with the theory of operators belonging
to the Schatten classes, that, as stated in Theorem A in [29], (21) does not guarantee
that the operator belongs to the Schatten class of index 4 since the convergence
of the series is required to hold not only for the eigenfunctions of the harmonic
oscillator but for any orthonormal basis in our Hilbert space.
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