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A general equation of state is considered for analysing the possible behaviors for (Early) dark
energy that alleviates the Hubble parameter tension problem. By departing from the possible evo-
lution for the (Early) dark energy density and the corresponding dynamical equations, the equation
of state is obtained, which allow us to analyze qualitatively the cosmological evolution and the
dominance of each term in the equation of state along the cosmic expansion, which show some
interesting consequences as the occurrence of (past) future singularities. Then, by considering two
general models, their free parameters are fit with different sources of data, showing the goodness
of the fits in comparison to more standard models. Results might be considered as a promising
starting point to get a better understanding of the cosmological evolution as a whole.

PACS numbers:

I. INTRODUCTION

Cosmology has experienced a tremendous growth over the last decades, when cosmology has turned from an almost
only theoretical framework to a precise quantitative science that can be tested with real observational data. This
has also led to the discovery of unexplained phenomenas that are entailing considerable challenges both theoretically
as observationally. Currently one of the main aims in cosmology is focusing on the explanation of the late-time
acceleration of the universe expansion, which is widely supported by different observations and which requires the
assumption of an effectively perfect fluid that violates some of the energy conditions, the so-called dark energy (for
a review see [1, 2]). The research on dark energy has involved a great effort from the scientific community that has
given rise not only to a large number of proposals to try to explain the late-time acceleration phenomena but also
to new theoretical frameworks that has open new lines of research. Nevertheless, despite the large number of viable
theoretical models that fit well the data, there is no convincing reason to believe that the problem is close to being
solved, although the well-known ΛCDM model is assumed to be at least the departure for understanding the problem
and its possible solution, as it is the simplest one and involves a reduced number of free parameters. In addition, over
the last years the tension among the values of the Hubble constant as estimated from different sources of data has
implied another challenge in cosmology to find a cause for such discrepancy. Basically, the measurements from the
Cosmic Microwave Background (CMB), “early” universe, by Planck collaboration [4] reveal a significant difference
with respect to those estimations realised from other sources that collect data from late universe, particularly by
the SHOES collaboration of the Hubble Space Telescope [5] that includes data from Type Ia Supernovae (SNe Ia),
exceeding in this case 4σ with respect to the estimation by Planck (for a review on the Hubble tension and the different
discrepancies see [6, 7] and for a summary on the possible solutions see [8]). The solution to this tension might lie on
systematics errors in data, but this will imply the same amount of systematic errors in different data from independent
sources, such that seems dismissed. Other approaches for alleviating such tension include the tip of the red giant
branch (TRGB) by the Carnegie-Chicago Hubble Program (CCHP) [9], independent measurements of lensed quasars
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and time delays by H0LiCOW project [10], megamaser hosting galaxies [11], dividing the Pantheon sample in bins [12]
and by using independent geometrical datasets [13], among others. Nevertheless, the problem might be approached
from a more theoretical framework, as the estimation of the Hubble constant in early universe relies on angular scales,
which depend on the ratio of the physical scale and the angular distance to the CMB, which might be modified in
such a way to provide a different estimation of the Hubble constant. To do so, an additional energy component is
required to become important just in a narrow period of the expansion history after the matter-radiation equality,
which has been called early dark energy, and which might be a new field [14–16], interactions among dark energy and
dark matter [17–21], relativistic species [22, 23] or modifications of general relativity [24–26].
A useful and well-known analysis when dealing with dark energy lies on describing it as a fluid with an effective

equation of state (EoS), which do not infer about the theoretical origin of dark energy but presents a useful approach
to know better about the behavior and form of its EoS and consequently on its evolution along the universe expansion
to be fit with observational data and then compared to other models. This type of approach arose soon after
the discovery of late-time acceleration, being a useful way for ruling out models and for testing the strength of
ΛCDM model [27]. Over the years, such parametrizations of the EoS for dark energy have become more complex
and sophisticated, accounting for different behaviors at different epochs for dark energy and providing a way to
reconstruct the underlying theoretical description for dark energy (for a review see [1]). In this sense, a general
equation of state was proposed in [28, 29], which is reconstructed from the cosmological evolution by departing from
the FLRW equations. In this sense, the EoS for dark energy can be also unveiled by using different observational
datasets [30]. We should note that a particular class of such imperfect fluids is a viscous fluid, such that dark energy
with bulk viscosity has been widely analyzed in the literature [31–33]. Moreover, some particular parametrizations
can account for transitions in the universe evolution, as the case for phantom dark energy [34], whereas others can be
related as the manifestation of some modification of the general relativity [35].
In the present paper, we generalize the above works by constructing the corresponding EoS in terms of its dependence

on the scale factor and the Hubble parameter. For any perfect fluid with a constant EoS, the continuity equation
forces the energy density to behave as a power-law of the scale factor, then a natural choice suggests that dark energy
dependence will go also as a power of the scale factor at least at some limit, a natural choice suggests that dark
energy dependence will go also as a power of the scale factor, at least at some limit, but likely more complex with
different terms and even depending on the Hubble parameter. Moreover, an explicit dependence on the scale factor
a of the universe might have some analogies with a superfluid EoS [36, 37]. In addition, the inclusion of different
terms provides a way for describing dark energy and early dark energy by the same EoS. Hence, we present a way of
reconstructing such EoS and study the qualitative behavior of the cosmological evolution depending on the term that
dominates and the possible occurrence of future and past singularities. Then, by using different observational data
sets, two general EoS are fit and confronted to wCDM, a generalisation of ΛCDM, providing an interesting and new
way for reconstructing effectively the EoS for (early) dark energy.
The paper is organized as follows: in Section II, we introduce the general EoS and its reconstruction in terms of

the FLRW equations. Section III is devoted to a simple toy model and the qualitative analysis of the cosmological
expansion. In Section IV, we analyze some more complex EoS and the behaviors of the expansion in the early and
late universe. In Section V several models for early dark energy are proposed in terms of its EoS, we also introduce
the two main models of this paper. Section VI refers to the observational datasets used in the paper to confront those
two models. The results of the fittings of the models to the data are covered in Section VII. Finally, Section VIII
gathers the summary and conclusions of the paper.

II. GENERALISING THE EQUATION OF STATE

Let us start by considering the following general equation of state [28],

p = −ρ+ h
(

ρ, a,H, Ḣ, · · ·
)

. (1)

Here p is the pressure, ρ is the energy density, and h
(

ρ, a,H, Ḣ, · · ·
)

is a function of ρ, the scale factor a, the Hubble

rate H = ȧ/a, Ḣ , and so on. The corresponding FLRW equations are given by

3

κ2
H2 = ρ , − 1

κ2

(

2Ḣ + 3H2
)

= p . (2)
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As far as p and ρ express the total pressure and energy density, by using the first and second FLRW equations (2),
the EoS (1) can be written as

p = −ρ+ h

(

ρ, a,

√

κ2

3
ρ,−κ2

2
(p+ ρ) , · · ·

)

. (3)

Hence, the EoS can be rewritten by using p, ρ, a, and possibly, Ḧ,
...
H , etc. This expression represents the most general

one that can be written for a perfect fluid in the FLRW spacetime. Nevertheless, one might consider simpler cases
than this generalization. As an example, we consider the following energy density evolution,

ρ = f (H, a) . (4)

Then, by using the continuity equation,

0 = ρ̇+ 3H (ρ+ p) . (5)

The corresponding EoS yields,

p

ρ
= −1− 1

3f (H, a)

(

Ḣ

H
∂Hf (H, a) + a∂af (H, a)

)

. (6)

We can use again the FLRW equations (2) to express the EoS (6) just in terms of the pressure, the energy density
and the scale factor as

p

ρ
= −1− 1

3f

(

√

κ2

3 ρ, a

)





−κ2

2 (p+ ρ)
√

κ2

3 ρ
(∂Hf (H, a))|

H=

√

κ2

3
ρ
+ a (∂af (H, a))|

H=

√

κ2

3
ρ



 . (7)

For instance, for a perfect fluid with the following dependence on the scale factor,

ρ ∝ am . (8)

The corresponding EoS (7) leads to

p

ρ
= −1− 1

3
m, (9)

which can be easily identified with a perfect fluid with constant EoS p/ρ = w by setting m = −3(1+w). In the same
way, we might consider

ρ ∝ Hn , (10)

and we find that the corresponding EoS leads to

p

ρ
= −1− nḢ

3H2
. (11)

where for n = 0, the EoS is the one of a cosmological constant.
Hence, by specifying the corresponding dependence of the energy density, one can easily reconstruct the EoS by (6)

and (7). In the following, we consider more complex cases that might describe several perfect fluids.

III. A SIMPLE MODEL

As a more general case than (4), we might consider

f (H, a) = f (1) (H) + f (2) (a) , f (1) (H) ≡
∑

i

αiH
ni , f (2) (a) ≡

∑

i

βia
mi , (12)

where αi, βi, ni, and mi are constants. As shown above, for a perfect fluid with constant EoS parameter w, the
energy density behaves as ρw ∝ a−3(1+w), so that any constribution from such a type of perfect fluids can be included
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in (12) in f (2) (a) with w = −1− mi

3 , which also requires βi ≥ 0. On the other hand, if the whole function f (H, a) is
the contribution from a unique fluid, no particular assumptions on βi and αi have to be imposed as far as f (H, a) is
positive.
In addition, for a given scale factor a = a(t), we may define

A(t) ≡ 3

κ2
H2 − f (1) (H) , (13)

which is a function of the cosmological time t. Then, by solving the equation a = a(t) with respect to t as t = t(a),
we find

f (2) (a) = A (t (a)) . (14)

Hence, an arbitrary time function of the scale factor a = a(t) can be realized by the model (12).
In order to illustrate this procedure and the posterior analysis that facilitates a qualitative description of the

cosmological evolution, let us consider a simple case,

f (1) (H) = αHn , f (2) (a) =
N
∑

i=1

βia
mi , (15)

As shown above, the second function in (15) can be seen as the sum of contributions from several perfect fluids with
a constant EoS parameter w = −1 − mi

3 . From now on, we are assuming m1 < m2 < · · · < mN . In addition, by

assuming a perfect fluid whose energy density is given by ρ(1) = f (1) (H), the corresponding EoS is given by (11),
with α being positive and n 6= 0, 2, since n = 2 just leads to a redefinition of the coupling constant κ2 and n = 0
corredesponds to a cosmological constant, as shown in the previous section.
Let us now define the following function of the Hubble parameter that will turn out fundamental in our analysis

below,

B(H) =
3

κ2
H2 − αHn . (16)

We now assume α is positive. As far as n is positive, the algebraic equation B(H) = 0 has a trivial solution H = 0
and a non-trivial one given by

H = H0 ≡
(

ακ2

3

)
1

2−n

. (17)

For negative n, the equation B(H) = 0 has only one real solution (17). We should also note that when n > 2, B(H)
has a maximum at H = HM defined by

H = HM ≡
(

nακ2

6

)
1

2−n

, B (HM ) =
3 (n− 2)

nκ2

(

nακ2

6

)
2

2−n

. (18)

In case 0 < n < 2, B(H) has a minimum where B < 0 at H = HM (0 < HM < H0) and consequently B(H) is a
monotonically increasing function for H > HM and goes to +∞ as H → +∞. In case n > 2, B(H) is a monotonically
decreasing function and goes to −∞ as H → +∞. Even in this case, H0 gives a possible minimum of the possible
Hubble rate H .
The function B(H) is nothing but the first FLRW equation (2) with the energy density given as in (12) with (4)

and (15). Then, we can analyze the cosmological evolution by studying the function B(H), which through the first
FLRW equation (2) in combination with (15), and by considering just one contribution for f (2), leads to

B(H) ∼ βNamN . (19)

Firstly we aim to analyze the cosmological evolution in late times, where we assume a to be large. Then, depending
on the value of mN , we can distinguish the following cases:

• For mN < 0, the l.h.s. in (19) decreases with the expansion and therefore the l.h.s. can be neglected as the
universe asymptotically goes to a de Sitter Universe where H is given by H0 in (17).
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• For mN > 0, the energy density corresponds to a phantom fluid. Because B(H) can be larger and larger if
n < 2, a Big Rip singularity occurs in the future. On the other hand, whether n > 2, B(H) has a maximum
given in (18) and consequently by the Eq. (19), we have a maximum aM for the scale factor,

aM =

(

B (HM )

βN

)
1

mN

=

(

1

βN

(

nακ2

6

)
2

2−n

)

1

mN

. (20)

In order to study the behavior around a ∼ aM , the scale factor can be expressed as follows,

a = aMen(t) . (21)

Here n(t) is negative and we can assume that |n(t)| ≪ 1 around a ∼ aM . As the Hubble parameter is given by
H = dn

dt , we may assume

n = HM (t− tM ) + δN . (22)

And H = HM for t = tM . By expanding the function B(H) around t = tM , the equation (19) turns out

B′′ (HM )

2

(

dδN

dt

)2

∼ βNmNamN

M HM (t− tM ) , (23)

which leads to

− 3 (n− 2)

κ2

(

dδN

dt

)2

∼ mN

(

nακ2

6

)
3

2−n

(t− tM ) . (24)

Hence, we have that dδN
dt ∝ √

tM − t, and consequently as H = HM + dδN
dt , the first derivative gives

Ḣ ∝ (tM − t)
− 1

2 . (25)

And consequently a “sudden” singularity occurs at t = tM .

Let us now analyze qualitatively the behavior for an analog model in early times, when a is small enough. As
previously, we can express the first FLRW equation (2) together with (12) and (15) as

B(H) ∼ β1a
m1 . (26)

Hence, depending on the sign of m1 and the value of n, we can distinguish the following cases:

• For m1 < 0, since B(H) can be larger and larger as far as n < 2, a Big Bang singularity occurs at the beginning
of the universe. On the other hand, if n > 2, B(H) has a maximum as given in (18) and consequently Eq. (19)
provides a minimum am for the scale factor,

am =

(

B (HM )

β1

)
1

m1

=

(

1

β1

(

nακ2

6

)
2

2−n

)

1

m1

, (27)

which represents the counterpart of (21). Then, through similar calculations, we find Ḣ ∝ (t− tm)
− 1

2 near the
time t = tm, where the scale factor a takes a minumum value, a = am and therefore there appears a “sudden”
singularity at t = tm. Note that the singularity is not a future one but occurs at the beginning of the universe,
i.e., the universe is generated by a Type II singularity in this scenario.

• For m1 > 0, the corresponding perfect fluid is phantom-like, and the r.h.s. in (26) decreases as the cosmological
time goes far in the past and the initial state of the universe becomes de Sitter, where H is given by H0 in (17).
In this scenario, there is no Big Bang and the universe started at infinitely past.
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IV. EARLY AND LATE TIME UNIVERSE FOR A MORE GENERAL CLASS OF EQUATION OF

STATE

We consider now a more general type of EoS than the ones described in (12),

f (H, a) = αHn + βH lam . (28)

Here we assume α and β are positive. Then, the FLRW equation (4) takes the form,

C(H) ≡ 3

κ2
H2−l − αHn−l = βam . (29)

Let us first analyze the properties of the function C(H). Note that, as in the previous section, C(H) vanishes at
H = H0, as given in (17). Furthermore the properties of C(H) depend on the values of l and n and the relation
among themselves.

• For l < 2, the following cases might be raised:

– If n > 2, there is a maximum at H = HM2
, which is defined by

HM2
≡
(

(n− l)ακ2

3 (2− l)

)
1

2−n

. (30)

– For n < 2 and n− l > 0, there is a minimum and when H grows, C(H) is positive and increases monoton-
ically.

– For n < 2 and n− l < 0, C(H) is a monotonically increasing function and positive for H > H0.

• For l > 2,

– For n > 2, C(H) is positive for H < H0 and diverges as H goes vanishes.

– For n < 2, C(H) is positive when H > H0 and has a maximum at H = HM2
> H0.

These properties for the function C(H) suggest that the qualitative behavior for l < 2 is similar to the model analyzed
in the previous section (12). As above, we can analyze the universe expansion in early and late times by analyzing
the extreme values of the scale factor:

For l < 2:

• In late-time universe, when a is large enough, we will have the following cases:

– If m < 0, the universe goes to an asymptotically de Sitter spacetime as H becomes constant, H = H0 (17).

– If m > 0,

∗ In case n > 2, a “sudden” singularity occurs.

∗ In case n < 2, there will be a Big Rip (Type I) singularity.

• During the early universe, when a is small enough, we will have

– For m < 0,

∗ In case n > 2, there is a “sudden” singularity as the initial singularity.

∗ In case n < 2, there is a Big Bang singularity.

– For m > 0, the universe tends to an asymptotically de Sitter spacetime where H is a constant, H = H0 as
given in (17).

For l > 2:
On the other hand, for l > 2, the model (29) is a little bit different from the model (12) studied in the previous
section.

• In late times, when a is large enough, the following cases arise:

– For m < 0, the universe goes to an asymptotically de Sitter spacetime with H = H0, as given in (17).



7

– For m > 0,

∗ In case that n > l > 2, the Hubble rate H vanishes asymptotically and the space-time becomes flat.
Specifically, the Hubble rate (29) can be approximated as

H2 ∼ a
m

2−l . (31)

Hence, the behavior of the universe is effectively given by a perfect fluid with an EoS parameter given
by w = −1− m

3(2−l) > −1.

∗ In case n < 2, a sudden singularity occurs.

• In early times, when a is small enough, we will have

– For m < 0,

∗ In case n > l > 2, the Hubble rate H vanishes as a → 0 and the space-time is nearly flat for
small values of the scale factor, i.e., the initial state of the universe space-time is nearly Minkowski.
As in (31), the universe is effectively described by a perfect fluid with an EoS parameter given by
w = −1 − m

3(2−l) > −1, but there is Big Bang singularity, since the Hubble parameter remains finite

but geodesics are not complete as a → 0.

∗ In case n < 2, there will be a sudden singularity as the past singularity.

– For m > 0, the universe goes to asymptotically de Sitter spacetime where H = H0 given in (17).

We can go even beyond the model (29) by considering an additional matter component in terms of its dependence
on the scale factor as follows,

B(H) =
3

κ2
H2 − αHn = β1a

m1 + β2a
m2 . (32)

By considering m1 < 0 and m2 > 0, the first term dominates in early epochs whereas the second one becomes the
dominant in late times. Hence, in early times, when a is small, the first term dominates,

B(H) =
3

κ2
H2 − αHn ∼ β1a

m1 . (33)

And we turn back to case analyzed in the previous section, such that for n < 2, there is an initial Big Bang singularity
while for n > 2, the scale factor is bounded by a minimum given in (27) where a sudden singularity occurs. In late
times, for large values of the scale factor a similar behavior to the previous section is also found, as the model (32) is
approximated as,

B(H) =
3

κ2
H2 − αHn ∼ β2a

m2 . (34)

Then, as far as n < 2 a Big Rip singularity occurs in the future while n > 2 leads to a future sudden singularity.
Hence, we might conclude that for the model (32), n < 2 leads to a universe that starts in a Big Bang singularity and
ends in a Big Rip one, while n > 2 provides an expansion starting and ending through a sudden singularity.
In the next section, by following this procedure, we explore the construction of models that include an early dark

energy term and its behavior is analyzed.

V. EARLY DARK ENERGY MODELS

Let us now reconstruct a model for early dark energy. By including all possible matter components in the universe,
the first FLRW equation is given by

3

κ2
H2 = ρinf + ρrad + ρmatter + ρDE + ρEDE . (35)

Here ρinf , ρrad, ρmatter, ρDE, and ρEDE are the energy densities corresponding to the inflaton, radiation, pressureless
matter (baryonic and cold dark matter), dark energy, and early dark energy, respectively. We assume that the energy
density for the EDE depends on the scale factor as

ρEDE =
ρ0a

n

a2n0 + a2n
. (36)
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Here ρ0 and a0 are positive constants and we are assuming n to be a positive integer. Then, by inverting Eq. (36),
the scale factor can be expressed in terms of the energy density for the EDE

an = − ρ0
2ρEDE

± 1

2

√

ρ20
ρ2EDE

− 4a2n0 . (37)

By using the continuity equation,

0 = ρ̇EDE + 3H (ρEDE + pEDE) , (38)

the following equation of state for the EDE is found

pEDE =− ρEDE +
n

3

ρ0a
n

a2n0 + a2n
− 2n

3

ρ0a
3n

(a2n0 + a2n)
2

=
(n

3
− 1
)

ρEDE − n

3
ρ2EDE

(

− ρ0
ρEDE

±
√

ρ20
ρ2EDE

− 4a2n0

)

. (39)

In the early universe, when a is small, ρEDE behaves as ρEDE ∝ an, whereas in the late universe, when a is large,
the EDE density can be approximated by ρEDE ∝ a−n. Since n is positive, ρEDE turns out negligible both in the
early universe as in the late universe if n is chosen to be large enough. Furthermore ρEDE has a positive maximum
at a = a0 and therefore ρEDE behaves as an effective positive cosmological constant around a ∼ a0 and consequently
ρEDE plays the role of the so-called early dark energy.
As a second model for the EDE, similar to the previous one, we might consider the following EDE density,

ρEDE = ρ0e
−(a−a0)

2n

. (40)

Here we choose n to be a positive integer. In this case, the EDE density turns out negligible both for a ≪ a0 as for
a ≫ a0, such that as far as a0 is fixed during the recombination epoch, the EDE model (40) plays its role just for
a ∼ a0, when dominates, driving a short accelerating expansion. For this case, the scale factor can be expressed in
terms of the EDE density as

a− a0 =

[

ln

(

ρ0
ρEDE

)]1/2n

. (41)

And the corresponding EoS can be obtained through the continuity equation (38), leading to:

pEDE = −ρEDE +
2

3
nρEDE

[

ln

(

ρ0
ρEDE

)](2n−1)/2n
{

a0 +

[

ln

(

ρ0
ρEDE

)]1/2n
}

. (42)

As a third model for the EDE and inspired in the ones considered in the previous sections, we might express the
EDE density as a function of the Hubble parameter,

ρEDE =
ρ0H

n

H2n
0 +H2n

. (43)

Here ρ0 is a positive constant and n is a positive integer, again. By assuming that H ≫ H0 in the early universe, the
EDE density (43) can be approximated as ρEDE ∝ H−n and consequently becomes negligible in early times. Similarly,
in the late universe, when H ≪ H0, we find ρEDE ∝ Hn, such that becomes also negligible in the late universe.
Moreover, ρEDE has a positive maximum at H = H0 and consequently ρEDE behaves as a positive cosmological
constant over the period when H ∼ H0, playing the the role of early dark energy. By the continuity equation (38),
the EoS for the EDE model (43) yields

pEDE = −ρEDE +
nḢ

3H2

ρ0H
n

H2n
0 +H2n

− 2nḢ

3H2

ρ0H
3n

(H2n
0 +H2n)

2 . (44)

Then, by using (43), we can rewrite (44) as follows,

pEDE =

(

−1 +
nḢ

3H2

)

ρEDE − 2nHn−2Ḣ

3ρ0
ρ2EDE , (45)
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which provides the EoS for the EDE model (43) in terms of H and Ḣ .
Finally, let us analyze the models that we will fit below to observational data. As a more general EoS that unifies

dark energy and early dark energy, we consider here the following model

p = −ρ+ γ1ρ
l1 + γ2ρ

l2 + α0H
n0 + βam . (46)

Here γ1, γ2, α0, and β are constants. Then, by using the FLRW equations H2 = κ2

3 ρ and Ḣ = −κ2

2 (p+ ρ), the EoS
(46) can be expressed in terms of the Hubble parameter as follows,

− 2

κ2
Ḣ = α1H

n1 + α2H
n2 + α0H

n0 + βam , (47)

where we have renamed the corresponding parameters as

n1 ≡ 2l1 , n2 ≡ 2l2 , α1 ≡ γ1

(

κ2

3

)n1

, α2 ≡ γ2

(

κ2

3

)n2

. (48)

When considering asymptotic behaviors, as in the late or in the early universe, one power of the Hubble parameter
dominates over the rest, which we can rename as αHn. Then, Eq. (47) can be approximated as

− 2

κ2
Ḣ = αHn + βam . (49)

Here there still appear three terms but in the late or early universe, one term might be negligible and two terms
balance with each other. Let us analyze each case:

• In case that the term − 2
κ2 Ḣ can be neglected, Eq. (49) is approximated as

H2 ∼
(

−β

α

)
2

n

a
2m

n . (50)

The universe expands as if there were a perfect fluid with a constant EoS parameter w = −1− 2m
3n .

• In case that the term βam is neglected in comparison to the others, Eq. (49) can be approximated as

− 2

κ2
Ḣ ∼ αHn , (51)

which after integrating leads to

H ∼
{

ακ2(n− 1)

2
(t− t0)

}− 1

n−1

. (52)

Here t0 is a constant of the integration. If n > 1, a Big Rip singularity occurs in the late universe or a Big Bang
singularity in case of the early universe.

• In case that the term αHn can be neglected, Eq. (49) can be approximated as

− 2

κ2
Ḣ ∼ βam . (53)

By using the number of e-foldings a as a = eN , Eq. (53) can be rewritten as

− 2

κ2
N̈ ∼ βemN . (54)

Then, by multiplying the equation by Ṅ = H , and after integrating, we obtain

− 1

κ2
Ṅ2 ∼ β

m
emN + C , (55)

with C being a constant of integration. And finally Eq. (55) can be expressed as

3

κ2
H2 ∼ −3β

m
am − 3C . (56)

The universe behaves as in the presence of a perfect fluid with a constant EoS parameter w = −1 − 2m
3 and

cosmological constant −3C.
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As a second model for the EoS that we will use for comparing to observational data in the section below, we might
consider an EoS that contains both powers of the scale factor and of the Hubble parameter

p = −ρ+ γ1ρ
l1 + b amHn0 . (57)

Here γ1 and b are constants. This model belongs to the more general class given in (4). By using the FLRW equations,
the EoS can be expressed as

− 2

κ2
Ḣ = α1H

n1 + b amHn0 , (58)

which can also be analyzed within 3 asymptotic approximations

• In case that the term − 2
κ2 Ḣ can be neglected, Eq. (58) is approximated as

Hn1−n0 ∼ − b

α1
am . (59)

This describes an expanding universe with a perfect fluid with a constant EoS parameter w = −1− 2
3

m
n1−n0

.

• In case that the term b amHn0 is neglected, Eq. (58) is reduced to the form (51), that can be integrated similarly
to Eq. (52), leading to

H ≃
{

α1κ
2(n1 − 1)

2
(t− t0)

}− 1

n1−1

.

If n1 > 1, this solution also contain a Big Rip singularity for the late universe or a Big Bang singularity for the
early universe.

• In case that the term α1H
n1 can be neglected, Eq. (58) is reduced to

H1−n0Ḣ ≃ −1

2
bκ2am−1ȧ .

which after integrating, yields

H2−n0 ≃ −2− n0

2m
bκ2am + C . (60)

As can be easily noted, one of the asymptotic behaviors of the previous model given in Eq. (56) is a particular
case of Eq. (60) for n0 = 0. Nevertheless. the expression (60) can not be interpreted in general as Eq. (56), but
the corresponding value for the parameters has to be provided.

In the next section, we compare these last two models for (early) dark energy with several sources of observational
data.

VI. OBSERVATIONAL TESTS

Viability of the above models is now analyzed by comparing their predicting power with observational data,
including estimations of the Hubble parameter H(z), Supernovae Type Ia (SNe Ia), baryon acoustic oscillations
(BAO) and cosmic microwave background radiation (CMB) distances. For this purpose we will use some techniques
developed in some previous papers [40–44] and concentrate on the models given in the previous section by (46) and (57).

Here we also include the matter components corresponding to radiation and pressureless matter, which are denoted
by: ρr for radiation, ρm ≡ ρmatter for baryons with dark matter (together) and ρDE for (early) dark energy, with
ρ ≡ ρDE, p ≡ pDE as given in (46) or (57), such that the FLRW equations yield:

3

κ2
H2 = ρr + ρm + ρ , ρ ≡ ρDE . (61)

We assume that any component does not interact with each other and satisfy the continuity equation independently,

ρ̇i + 3H(pi + ρi) = 0 , (62)
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which for pressureless matter and radiation leads to

ρm = ρ0ma−3 , ρr = ρ0ra
−4 . (63)

Here the subindex “0” refers to magnitudes measured at the present time t0, in particular, the Hubble constant is
given by H0 = H(t0), while for the scale factor we assume a(t0) = 1. The evolution for dark energy density can be
obtained by solving the continuity equation (62) that can be rewritten as

dρ

d ln a
= −3(p+ ρ) , (64)

which can be integrated numerically (in general) for a particular EoS as the ones analyzed in the previous sections.
For the model (57), the continuity equation (64) may be rewritten as

dΩDE

d ln a
= −3

[

AΩ l1
DE +Bam

(

H

H0

)2β
]

. (65)

Here ΩDE is defined as usual as the ratio of dark energy density and critical density, in the same way that applies to
the rest of the components

ΩDE =
ρDE

ρcr
=

κ2ρDE

3H2
0

, Ωi =
ρi
ρcr

, (66)

where A, B, and β are the parameters that describe the model (57) but redefined in such a way to keep them
dimensionless

A = γ1ρ
l1−1
cr , B = bHn0

0 /ρcr , n0 = 2β . (67)

Then, we can integrate numerically the equation (65) together with the equations (61) and (63) from a = 1 (t = t0)
with the initial conditions

Ω0
DE = 1− Ω0

m − Ω0
r , (68)

which is the constraint equation (61) evaluated at t = t0 with Ω0
i = Ωi(t0). This approach can be applied to any EoS

for dark energy. In particular, for the model (46) in a simpler version by assuming γ2 = 0, the continuity equation
yields

dΩDE

d ln a
= −3

[

AΩ l1
DE +B

(

H

H0

)2β

+ Cam

]

. (69)

Note that both models (65) and (69) contain a large number Np of free parameters to be fit with observational data.
Large Np is a serious drawback for any model in comparison with other cosmological scenarios, as the ΛCDM model,
from the point of view of information criteria [45, 46]. In order to reduce the number of the free parameters, we are
not considering Ω0

r as an independent parameter but the ratio among cold matter and radiation is fixed as provided
by Planck [38, 41, 42]

Xr =
ρ0r
ρ0m

=
Ω0

r

Ω0
m

= 2.9656× 10−4 . (70)

This value is rather small, so while is essential for CMB observational data for redshifts z ≃ 1000, becomes negligible
for SNe Ia, H(z) and BAO observations in the range 0 < z ≤ 2.36. In order to simplify the models even more, we
also fix the value l1 = 1 for both models, as our calculations and fittings show that both models (65) and (69) depend
weakly on l1, similarly as was shown in Ref. [42] for an analog model. Note also that for case l1 = 1, the models (65)
and (69) can be reduced to the wCDM model with the EoS parameter w = A − 1 as far as one fixes B = 0 (and
C = 0).
Hence, by fixing the ratio (70) and the value l1 = 1, we have the following set of free parameters for the two models

Ω0
m, A, B, m, β, H0, model (65) ,

Ω0
m, A, B, β, C, m, H0, model (69) .

(71)

Note that the model (65) has Np = 6 free parameters, whereas the model (69) owns Np = 7. Both significantly
exceed Np = 3 for the wCDM model (Ω0

m, H0 and w) and Np = 2 for the flat ΛCDM model (Ω0
m and H0). However,

below we reduce the effective number Np by considering the Hubble constant H0 as a nuisance parameter.
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A. Type Ia supernovae data

For testing our models we use several observational datasets, including the latest Pantheon sample [47] of Supernovae
Ia (SNe Ia), estimations of the Hubble parameter H(z), observational data from baryon acoustic oscillations (BAO)
and cosmic microwave background radiation (CMB) [4, 38, 39].
For SNe Ia we use the largest most recent catalogue, the so-called Pantheon sample [47] including nSN = 1048 SNe

Ia data points with redshifts 0 < zi ≤ 2.26 and distance moduli µobs
i . For every model we calculate the theoretical

value of the luminosity distances DL(z;λ1, λ2, . . . ) and distance modulus µth
i for each set of the free parameters λk

given in (71) for each model

µth (z;λk) = 5 log10
DL (z;λk)

10 pc
, DL (z;λk) = c(1 + z)

∫ z

0

dz̃

H (z̃;λk)
. (72)

Then, the corresponding χ2 function is obtained

χ2
SN

(

Ω0
m, A, . . .

)

= min
H0

1048
∑

i,j=1

∆µi

(

C−1
SN

)

ij
∆µj , ∆µi = µth (zi;λk)− µobs

i . (73)

Here CSN is the 1048× 1048 covariance matrix [47]. For each set of the model parameters (71), we solve the system
of equations formed by (61), (63), and the corresponding continuity equation for each model given in (65) and (69),
obtaining the Hubble parameter H(z) = H (z, λk) and the corresponding luminosity distance and distance modulus
(72). Finally, we marginalize χ2

SN over the nuisance parameter H0 [40–44].

B. BAO data

From the Baryon Acoustic Oscillations (BAO) data, provided by the analysis of galaxy clustering, we can extract
two magnitudes [48]

dz(z) =
rs(zd)

DV (z)
, A(z) =

H0

√

Ω0
m

cz
DV (z) , (74)

and then compare with the corresponding theoretical predictions, where

DV (z) =

[

czD2
M (z)

H(z)

]1/3

, DM (z) =
DL(z)

1 + z
= c

∫ z

0

dz̃

H(z̃)
.

In Eq. (74), rs(zd) is the comoving sound horizon at the end of the baryon drag era zd, which is calculated with the
fitting formula [41–43]

rs(zd) =
104.57 Mpc

h
, h =

H0

100 km/(s ·Mpc)
,

which show that rs(zd) ∼ H−1
0 on H0. Moreover, we use 17 BAO data points for dz(z) and 7 data points for A(z)

from Refs. [49–59] as in other previous papers [40–42], where these data points are tabulated. The χ2 function for
the BAO data (74) has the form

χ2
BAO(Ω

0
m, A, . . . ) = ∆d · C−1

d (∆d)T +∆A · C−1
A (∆A)T , (75)

where ∆d, ∆A are vectors given by

∆di = dobsz (zi)− dthz (zi, . . . ) , ∆Ai = Aobs(zi)−Ath(zi, . . . ) , (76)

while Cd and CA are the covariance matrices for correlated BAO data [43, 49–59].
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C. H(z) data

Here we use the Hubble parameter data H(z) estimated by the method of differential ages ∆t for galaxies with
small differences ∆z in redshifts (cosmic chronometers), where the values H(z) can be extracted through the relation

H(z) =
ȧ

a
≃ − 1

1 + z

∆z

∆t
.

We use NH = 31 data points Hobs(zi) of cosmic chronometers from Refs. [60–66] in the redshift interval 0 < z < 2.
These measurements are not correlated with the BAO data points [49–59]. The χ2 function for H(z) data is

χ2
H = min

H0

NH
∑

i=1

[

Hobs(zi)−Hth(zi;λk)

σH,i

]2

. (77)

D. CMB data

Unlike the above data, the CMB observations are related to the photon-decoupling epoch z∗ = 1089.80± 0.21 [4],
where the radiation density ρr(z) is essential. We use the following CMB observational parameters

x = (R, ℓA, ωb) , R =
√

Ω0
m

H0DM (z∗)

c
, ℓA =

πDM (z∗)

rs(z∗)
, ωb = Ω0

bh
2

with the estimations [67]

x
Pl =

(

RPl, ℓPl
A , ωPl

b

)

= (1.7428± 0.0053, 301.406± 0.090, 0.02259± 0.00017) , (78)

As extracted from Planck collaboration 2018 data [4] with free amplitude for the lensing power spectrum.
The current baryon fraction Ω0

b is considered as the nuisance parameter to marginalize over (together with H0).
The corresponding χ2 function is

χ2
CMB = min

ωb,H0

∆x · C−1
CMB (∆x)

T
, ∆x = x− x

Pl . (79)

The covariance matrix CCMB =
∣

∣

∣C̃ijσiσj

∣

∣

∣, the expression rs(z∗) and other details are described in Refs. [42] and [67].

VII. RESULTS AND DISCUSSION

Let us now analyze and fit the models (65) and (69) to the above SNe Ia, BAO, H(z), and CMB datasets and
obtain the corresponding constraints on the free model parameters. The total χ2 function is obtained by the sum of
the partial ones [41, 42]:

χ2
tot = χ2

SN + χ2
H + χ2

BAO + χ2
CMB , (80)

which contain the fittings to all the observational datasets and will provide the corresponding confidence regions in
the parameter spaces (71). The best fits for the free model parameters λk are obtained by using the one-parameter
distributions χ2

tot(λk) and the corresponding likelihoods:

L(λk) ∝ exp

[

−1

2
χ2
tot(λk)

]

, (81)

where we assume a Gaussian distribution for the free parameters. The results for the model (65) are shown in
Fig. 1, where the contour plots are depicted together with the likelihoods for each parameter separately. The blue
filled contour plots denote 1σ (68.27%), 2σ (95.45%) and 3σ (99.73%) confidence levels (CL) for two-parameter
distributions, where in each panel we minimize χ2

tot over all the other parameters. For example, in Ω0
m − β plane the

contours are drawn for

χ2
tot(Ω

0
m, β) = min

A,B,m,H0

χ2
tot(Ω

0
m, A,B,m, β,H0) .
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FIG. 1: Contours plots, likelihoods and χ2
tot(Ω

0
m
) for the model (65) (blue). The particular cases m = 0 (red) and wCDM

model (black) are also depicted.

Note that H0 and ωb are considered as nuisance parameters, so we minimise the likelihood over them in the corre-
sponding fittings. The red contour plots depict 1σ and 2σ CL for the particular case m = 0 of this model, which
was also considered in Ref. [42]. Recall that the model (65) under the condition B = 0 turns out wCDM model with
w = A− 1, such that the results for this case are also shown in Fig. 1. The corresponding minimums for χ2

tot in these
cases are labeled as stars and circles.
For the model (65) and its particular cases m = 0 and B = 0 in the top-right panel, one-parameter distributions

χ2
tot(Ω

0
m) are depicted by minimizing over all the other parameters. Here we can compare the absolute minimum of

χ2
tot for these cases, tabulated below in Table I with the best fits for the model free parameters. One can see that the

model (65) is rather successful from this point of view, despite its large number of free parameters Np = 6.
For convenience, in the bottom panels of Fig. 1 and in Table I we have redefined the free parameters A and B as

A = sinhA∗ , B = sinhB∗ , (82)

For the case m = 0, the additional local minimum of χ2
tot (that is maximum for L) corresponds to A∗ ≃ −0.4,

B∗ ≃ 0.4, β ≃ −0.65, as shown in Fig. 1 (see also Ref. [42]). However, the global minimum for large |A|, B and
β ≃ −0.05 dominates.



15

Remind that under the condition B = 0 the models (65) is reduced to the wCDM model with w = A − 1. In this
case the best fitted parameter yields:

A ≃ A∗ = −0.050+0.022
−0.023 → w∗ = −1.050+0.022

−0.023 . (83)

And the EoS lies on the phantom regime, although just within 1-σ.

The second model (69) contains the terms B(H/H0)
2β and Cam in its EoS. Fig. 2 illustrates how this model fits

the above datasets, where the contour plots and the corresponding likelihoods are shown. This model provides the
lowest value minχ2

tot in comparison to the other models, but contains one extra parameter C. The best fitted values
for |A| and B are not too large and bounded within 1-σ area. Here we compare this model to the case C = m = 0
and to the model (65) (plotting just 1σ regions for the this model in Fig. 2).
The model (69) provides the best fits in terms of minχ2

tot = 1084.92 in comparison to the other models, as shown
in Table I but at the price of increasing the number of free parameters, since model (69) has the largest number of
free parameters Np = 8 if we include nuisance H0 and Ω0

b). Due to this reason the information criteria, in particular,
the Akaike information criterion: [45]

AIC = minχ2
Σ + 2Np

will favour other simpler models with a shorter number of free parameters.
As the number of free parameters Np for the model (69) is too large, Fig. 2 is limited to the panels: Ω0

m − A∗,
β −B∗, C −m. The corresponding minimums for the χ2

tot function are labeled in the plots for each case. As shown,
the 1σ limit is narrow just for the Ω0

m parameter. These planes help us to determine the likelihoods for the six free
parameters. In particular, the likelihood L(Ω0

m) for both models (65) and (69) shows strong constraints on Ω0
m, which

also present the same best fit in Table I for both models, whereas they differ for the other parameters, with slightly
differences in A∗ and B∗ and larger ones in m.

VIII. CONCLUSIONS

In the present paper, a way of constructing a general EoS departing from the FLRW equations is presented. By
assuming the corresponding dependence of a particular fluid in terms of powers of the scale factor, which at the end is
usual in perfect fluids with constant EoS, and powers of the Hubble parameter, one can easily analyze the early and
late universe, which give some information about the asymptotic behaviors of the cosmological expansion. Moreover,
depending on the dependence of the energy density, future (past) singularities might occur. While future singularities
are well known to occur for some particular EoS parameters, for instance w < −1 leads to a future Big Rip as the
energy density increases with the scale factor, we show also that depending on the EoS, the initial singularity might
be a Big Bang-like singularity or a sudden singularity. In addition, such reconstruction of the EoS and the analysis of
the cosmological evolution give rise naturally to the construction of the EoS for early dark energy, just by imposing
on the energy density to become relevant just before the recombination epoch while decays rapidly after and plays no
role at early universe. This provides a simple way for constructing the effective EoS for early dark energy that can
lead to a better knowledge about the mechanism for alleviating the Hubble tension. Moreover, here we also present
two models for the EoS that can accomplish the behavior for early dark energy and dark energy itself, as each term
might provide a dominance at different periods of the cosmological evolution depending on the values of the free
parameters, modelling the early dark energy and dark energy under the same EoS.
Then, we have tested the models (46) and (57) with observational data, which includes the Pantheon SNe Ia data,

BAO data, H(z) estimations and CMB data. The results are shown in Table I, which provides good fits at least in

Model Ω0
m

A∗ B∗ m β C minχ2
tot / d.o.f

Eq. (65) 0.2818+0.0016

−0.0017 −6.52+4.48

−∞ 6.67+∞
−5.06 −1.065+0.695

−1.05 −0.76+0.526

−0.636 - 1085.89 / 1101

Eq. (69) 0.2818+0.0017

−0.0016 −2.40+1.97

−1.95 2.23+1.97

−1.70 18.7+37.2

−16.9 −0.237+0.138

−0.363 −1.22+0.585

−5.98 1084.92 / 1100

C = 0 0.2808+0.0021

−0.0016 −6.58+2.73

−∞ 6.83+∞
−3.20 0 −0.05+0.062

−0.076 0 1088.59 /1102

wCDM 0.2804+0.0014

−0.0015 −0.050+0.022

−0.023 - - - - 1091.16 / 1104

TABLE I: Best fits from SNe Ia, H(z), BAO and CMB data for the models (65), (69) and their particular cases m = C = 0
and wCDM (B = C = 0).
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FIG. 2: Contours plots, likelihoods and χ2
tot(Ω

0
m
) for the model (69). The cases C = 0 (red) and the model (65) (blue) are also

included for comparison.

terms of the maximum of the likelihood function, despite the large number of parameters of the models. Due to this
reason the Akaike or Bayesian information criteria [45, 46] gives some preferences to the simplest models with lowest
number of parameters, in particular to wCDM and ΛCDM models, which are particular cases of the models (46)
and (57). However, the minimum χ2

tot for the models (46) and (57) show a better fit than such models. From this
point of view the model (46) shows the best fit in comparison to the other cases. From the best fit values included in
Table I, and the corresponding EoS given in (46), we can conclude that the model behaves as a phantom fluid at late
universe, while a Big Bang singularity occurs as the initial state, since the energy density decays at early universe
and radiation and (later on) pressureless matter dominate. By the results, the power of the Hubble parameter in the
EoS (46) can dominate at some intermediate period, which might be identified to early dark energy. For the model
(57) the minimum χ2

tot is larger than the other case, and also leads to larger values for |A| and B. In this case, the
behavior at late-times is also a phantom-like fluid, while in the early universe a singularity occurs but its nature is
not conclusive, as the EoS depends on a negative power of the scale factor, such that a type II singularity might be
the initial singularity in this case.
Hence, we have shown a way for constructing not only dark energy EoS but also the so-called early dark energy

EoS that can reveal some properties on the nature of these fluids and shed some light on issue of the Hubble tension.
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[34] I. Leanizbarrutia and D. Sáez-Gómez, Phys. Rev. D 90 (2014) no.6, 063508 doi:10.1103/PhysRevD.90.063508
[arXiv:1404.3665 [astro-ph.CO]].

[35] D. Saez-Gomez, Gen. Rel. Grav. 41 (2009), 1527-1538 doi:10.1007/s10714-008-0724-3 [arXiv:0809.1311 [hep-th]].
[36] G. E. Volovik, Phys. Rept. 351 (2001), 195-348 doi:10.1016/S0370-1573(00)00139-3 [arXiv:gr-qc/0005091 [gr-qc]].
[37] H. C. Rosu, S. C. Mancas and C. C. Hsieh, [arXiv:2010.01720 [gr-qc]].
[38] P. A. R. Ade et al. [Planck], Astron. Astrophys. 571 (2014), A16 doi:10.1051/0004-6361/201321591 [arXiv:1303.5076

[astro-ph.CO]].
[39] P. A. R. Ade et al. [Planck], Astron. Astrophys. 594 (2016), A13 doi:10.1051/0004-6361/201525830 [arXiv:1502.01589

[astro-ph.CO]].
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