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Abstract

We study four particular 3-dimensional natural Hamiltonian systems defined in conformally
Euclidean spaces. We prove their superintegrability and we obtain, in the four cases, the maxi-
mal number of functionally independent integrals of motion. The two first systems are related to
the 3-dimensional isotropic oscillator and the superintegrability is quadratic. The third system
is obtained as a continuous deformation of an oscillator with ratio of frequencies 1:1:2 and with
three additional nonlinear terms of the form k2/x

2, k3/y
2 and k4/z

2, and the fourth system is
obtained as a deformation of the Kepler Hamiltonian also with these three particular nonlinear
terms. These third and fourth systems are superintegrable but with higher-order constants of
motion.

The four systems depend on a real parameter in such a way that they are continuous functions
of the parameter (in a certain domain of the parameter) and in the limit of such parameter going
to zero the Euclidean dynamics is recovered.
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1 Introduction

The problem of integrability of a given system of differential equations is a very interesting and ac-
tive field of research along the last years (see e.g. [1]). The most satisfactory situation would be the
integrability by quadratures. By such integrability we mean the possibility of finding the general
solution in an algorithmic way, and in this task the existence of additional structures, for instance
compatible symplectic structures, may be useful. In the geometric approach an autonomous system
of first order differential equations is replaced by a vector field X on a manifold M in such a way
that the system is used to compute in a local coordinate system the integral curves of the vector
field. The determination of the integral curves of X is not an easy task and the knowledge of its
infinitesimal symmetries is very helpful. With this aim one uses to look for invariant under X geo-
metric structures. For instance the complete Liouville integrability is developed in the framework of
symplectic, and more generally Poisson, structures. So, if we consider a 2n-dimensional symplectic
manifold M , for instance the cotangent bundle T ∗Q endowed with its natural symplectic structure
ω0, completely integrable systems are defined by vector fields X ∈ X(M) admitting a set of n first
integrals for X in involution, giving rise to a Lagrangian foliation of M and then using appropriate
action-angle variables we can carry out the determination of the integral curves of X.

If there are more than n functionally independent first integrals for the vector field X we say that
the system is superintegrable and moreover when there exists the maximum number, i.e. 2n−1, of

2
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functionally independent first integrals we say that X is maximally superintegrable. There are not
so many maximally superintegrable systems known, but the importance of identifying such systems
is strengthened not only by their interesting mathematical properties but also by the fact that they
can be used as approximation to non-integrable systems.

Let us now consider two conformally related vector fields X and f X, where f is a non vanishing
function. They have the same constants of motion and therefore the integral curves of f X are
obtained from those of X by a different reparametrization of each orbit. In fact this change of the
vector field X by a conformal one f X corresponds to a generalization of the so-called Sundman
transformation [2], or infinitesimal time reparametrization, which had previously been used by
Levi-Civita [3, 4], in the theory of differential equations

dt = r dτ , (1)

but now in this generalization the radial coordinate r is replaced by an arbitrary function f of the
position coordinates.

We are interested in the case of a Lagrangian system. First we note that the new velocities v̄i

must be obtained by making use of the new time τ and therefore they do not coincide with vi, but
are given by v̄i = f vi. Moreover, in addition we recall that in the framework of the Lagrangian
formalism the relevant concept is the action defined by the Lagrangian, and in order to preserve
the action, if a system was defined by a Lagrangian L, then the new system must be described in
terms of the new time τ by a new Lagrangian L(q, v̄) given by

L(q, v̄) = f L

(
q,
v̄

f

)
.

In the particular case of a free motion on a Riemann manifold (Q, g), where the Lagrangian L is
just the g-dependent kinetic energy function Tg ∈ C∞(TQ) given by

Tg(v) =
1

2
g(v, v), v ∈ TM, (2)

then the new Lagrangian will be the kinetic energy determined by the metric (1/f) g because g is
quadratic in velocities and we have therefore f L(q, v̄/f) = (1/f)L(q, v̄). For a system of mechanical
type, described by a Lagrangians L = Tg − τ∗V (where V is a potential function defined on the
configuration space Q), the considered generalized Sundman transformation amounts to change not
only the Riemann structure from g to ḡ = (1/f)g but also the potential function V to V = f V ,
and when passing to the Hamiltonian formalism, by making use of the Legendre transformation,
the Hamiltonian H of the mechanical type system must be replaced by H = f H.

The usefulness of such a correspondence has been shown in many examples. For instance, a
mechanical type system for which there is a coordinate system such that the potential function is
a sum V (q) = V1(q1) + . . .+ Vn(qn) and the local expression of the Riemann structure is diagonal,
i.e.

L(q, v) =
1

2

n∑
i=1

ai(qi)v
2
i −

n∑
i=1

Vi(qi),

3
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is separable as a sum of one-dimensional systems and hence integrable by quadratures. A general-
isation of such system is due to Liouville [5] and consists on the Hamiltonian

H(q, v) =
1

2W (q)

n∑
i=1

ai(qi)v
2
i +

1

W (q)

n∑
i=1

Vi(qi), (3)

where W (q) = W1(q1) + . . . + Wn(qn). These systems are called Liouville systems [6, 7] and one
can check that the n functions

Fi =
1

2
ai(q) p

2
i + Vi(q)−WiH, i = 1, . . . , n,

are constants of motion {H,Fi} = 0, but they are not independent because
∑n

i=1 Fi = 0.

Therefore, starting from an appropriate Hamiltonian H we will analyze, inspired by these results,
the possible functions f such that the new Hamiltonian fH satisfies the required properties. Note,
however, that Xf H is different from fXH , that is Xf H = fXH +Y , the difference being the vector
field Y such that i(Y )ω0 = H df . We also note that, in the general case, fXH is not a Hamiltonian
vector field.

It is known that systems that admit Hamilton-Jacobi (Schrödinger in the quantum case) sepa-
rability in more than one coordinate system are superintegrable with quadratic in the momenta
constants of motion. In fact the modern studies on superintegrability started with ref. [8] (prob-
ably the oldest study on this matter was the theorem of Bertrand [9] although of course without
using this word) in which the authors proved the existence in the Euclidean plane of four families
of potentials separable into two different sets of coordinates; two of them were related with the
harmonic oscillator and the other two with the Kepler problem; in fact most of the superintegrable
known systems (but not all) are related with these two important systems. Later on different
authors have considered this question from different points of view. The 3-dimensional Euclidean
systems with multiple separability and quadratic integrals were first studied by Evans [10] and then
other different systems were studied in different situations as on two-dimensional pseudo-Euclidean
spaces [11, 12], on spaces with constant curvature [13]–[23], and even on more general curved spaces
[24]–[27] (see [28] for a review). We also note that the multiple separability of some Hamiltonian
systems with linear terms in the momenta has also been studied [29, 30].

Until recently, most studies on superintegrability were concentrated on the quadratic case but
in these last years the existence of systems possessing integrals of motion of higher-order in the
momenta (not arising from separability) has also been studied [31]–[37] but mainly in the two-
dimensional Euclidean space.

This paper is devoted to the study of some superintegrable systems on 3-dimensional conformally
Euclidean spaces (see [38]–[46] for papers on this particular geometry). It is mainly concerned with
systems related to the harmonic oscillator and the Kepler problem.

Suppose we are given a Hamiltonian H of mechanical type (quadratic kinetic term plus a potential
function); then we can construct a new Hamiltonian Hµ as Hµ = µH where µ is a certain function
defined on the configuration space. This new Hamiltonian represents a new and different dynamics;
for example if H is defined on an Euclidean space then the new dynamics will be conformally

4
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Euclidean. The important point is that we are interested in multipliers µ that preserve certain
properties as Liouville integrability. A strong requirement is that µ must modify the dynamics but
preserving not just integrability but superintegrability. For example, if H is separable in Cartesian
coordinates and µ is of the form µ = 1/f , f = f1(x) + f2(y) + f3(z), then Hµ is separable in
Cartesian coordinates as well, and if H is separable in spherical coordinates and µ is of the form
µ = 1/f , f = f1(r) + f2(θ)/r

2 + f3(φ)/(r2 sin2 θ), then Hµ is also separable in (r, θ, φ) coordinates.
A more strong condition is that µ must preserve not just separability but multiple separability;
this requirement will strongly restrict the form of the multiplier (see [42] for a similar problem in
the two dimensional case).

An important property to be imposed is that the new Hamiltonian Hµ must be a deformation of
the original Hamiltonian H. By deformation we mean that µ, and therefore Hµ, will depend of a
parameter λ in such a way that

(i) The new Hamiltonian Hµ is a continuous function of λ (in a certain domain of the parameter).

(ii) When λ → 0 we have µ → 1 and then the dynamics of the Euclidean Hamiltonian H is
recovered.

Next we summarize the contents of this paper.

We study four different Hamiltonian systems with conformally Euclidean metrics and depending
on a continuous way of a real parameter λ.

In the four cases the potential of the original Euclidean system is a linear combination of four
functions; the potential of the oscillator or the potential of the Kepler problem as the first and
dominant term modified by the presence of three additional functions. First, in Sec. (2) we
study two different systems related with the 3-dimensional isotropic oscillators; we prove their
superintegrability and we obtain the explicit expression of six λ-dependent quadratic constants
of motion (five of them functionally independent). Second, in Sec. (3) we study a Hamiltonian
obtained as a continuous deformation of an oscillator with ratio of frequencies 1:1:2 and with three
additional nonlinear terms of the form k2/x

2, k3/y
2 and k4/z

2. We prove that this system is
superintegrable with integrals of motion of fourth-order in the momenta. Third, in Sec. (4) we
analyze a Kepler system modified with the three nonlinear terms k2/x

2, k3/y
2 and k4/z

2. Also in
this system we obtain quartic constants of motions. In the four cases, the multipliers µ, leading to
the conformally Euclidean systems, are directly related with the first term of the potential, that is,
harmonic oscillator in Sec. (2) and (3) and Kepler potential in Sec. (4).

We obtain, in all the cases, the value of the sectional and Ricci curvatures of the metrics.

Finally we present an Appendix with the properties of a λ-dependent version of the Fradkin
tensor constructed with the integrals of motion of one of the oscillators studied in Sec. (2).

5
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2 Harmonic oscillator related Hamiltonians with a conformally
Euclidean metric

2.1 Isotropic oscillator with additional linear terms k2x, k3y, and k4z

Let us consider the Hamiltonian H111 of the three-dimensional isotropic oscillator with additional
terms of the form k2x, k3y, and k4z

H111 = (
1

2
) (p2x + p2y + p2z) + [ k1(x

2 + y2 + z2) + k2x+ k3y + k4z ] , (4)

and denote by µ the following multiplier

µ = 1/(1− λ r2) , r2 = x2 + y2 + z2 , (5)

where λ is a real parameter that can take both positive and negative values. Then, the new
λ-dependent Hamiltonian Hµ defined as

Hµ = µH111 = (
1

1− λ r2
)H111 , lim λ→0Hµ = H111 ,

takes the form

Hµ = µH111 = (
1

2
)
(p2x + p2y + p2z

1− λ r2
)

+
[
k1
x2 + y2 + z2

1− λ r2
+

k2 x

1− λ r2
+

k3 y

1− λ r2
+

k4 z

1− λ r2
]
. (6)

In the λ < 0 case the dynamics of Hµ is correctly defined for all the values of the variables;
nevertheless when λ > 0, the Hamiltonian (and the associated dynamics) has a singularity at
1− λ r2 = 0, so in this case the Hµ dynamics is defined in the interior of the circle r2 = 1/λ, λ > 0,
which is the region where the kinetic term is positive definite.

Notice that the complete potential in the Hamiltonian H111 can be seen as an isotropic harmonic
oscillator centered at some point different from the coordinate origin, but the multiplier µ depends
on the distance to the origin, and not to the potential center, so after multiplying by µ this
identification is no longer true.

First, the presence of the additional terms in the potential breaks the rotational invariance, and
prevents the conservation of the angular momentum, but the dynamics admits as integral of motion
just a linear combination of the three components Ji, i = 1, 2, 3, of the angular momentum with
the constants ki, i = 2, 3, 4, as coefficients

I = k2J1 + k3J2 + k4J3 , {I ,Hµ} = 0 . (7)

The factor µ preserves the Hamilton-Jacobi separability in Cartesian coordinates; therefore we
obtain the following three λ-dependent integrals of motion

Kxxλ = p2x + 2(k1x
2 + k2x) + 2λx2Hµ , Kyyλ = p2y + 2(k1y

2 + k3y) + 2λy2Hµ ,

Kzzλ = p2z + 2(k1z
2 + k4z) + 2λz2Hµ . (8)

6
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They are independent, that is dKxxλ ∧ dKyyλ ∧ dKzzλ 6= 0, and satisfy

Kxxλ +Kyyλ +Kzzλ = 2Hµ , {Kaaλ , Hµ} = 0 , {Kaaλ ,Kbbλ} = 0 , a, b = x, y, z.

In addition there is another set of three quadratic integrals Kabλ, rather similar to the above three
functions Kaaλ, that have the form

Kxyλ = pxpy + (2k1xy + k3x+ k2y) + 2λxyHµ , Kyzλ = pypz + (2k1yz + k4y + k3z) + 2λyzHµ ,

Kzxλ = pzpx + (2k1zx+ k4x+ k2z) + 2λzxHµ . (9)

In fact, all of them can be grouped in a symmetric matrix [Kabλ]

MK = [Kabλ] =

Kxxλ Kxyλ Kzxλ

Kxyλ Kyyλ Kyzλ

Kzxλ Kyzλ Kzzλ

 ,
and we can summarize all the Poisson brackets with the Hamiltonian in a single equation{

Kabλ , Hµ

}
= 0 , a, b = x, y, z.

The properties of [Kabλ], that represents the λ-dependent version of the Fradkin tensor [47], are
summarized in the Appendix.

All these results are summarized in the following proposition:

Proposition 1 The λ-dependent Hamiltonian with a conformally Euclidean metric

Hµ = µH111 = (
1

2
)
(p2x + p2y + p2z

1− λ r2
)

+
[
k1
x2 + y2 + z2

1− λ r2
+

k2 x

1− λ r2
+

k3 y

1− λ r2
+

k4 z

1− λ r2
]

is superintegrable with five functionally independent quadratic in the momenta constants of motion
in a family of six λ-dependent functions Kabλ, a, b = x, y, z. Three of them, Kxxλ, Kyyλ, and Kzzλ,
Poisson commute among them and two other functions in the set Kabλ, a 6= b, can be chosen for
the total set of five functionally independent integrals of motion.

We close the study of this system by considering some geometric properties of the associated
metric of the system. First we recall that the metric determines the kinetic term of the Lagrangian
(coefficient of the Lagrangian of the geodesic motion) and that in this case is a conformally flat
metric

gij = (1− λ r2)diagonal[1, 1, 1] , r2 = x2 + y2 + z2 . (10)

The sectional curvatures with respect to the planes (x, y), (x, z), and (y, z), that we denote by κxy,
κxz, and κyz, take respectively the forms

κxy = λ
( 2− 3λz2

(1− λr2)3
)
, κxz = λ

( 2− 3λy2

(1− λr2)3
)
, κyz = λ

( 2− 3λx2

(1− λr2)3
)
, (11)

7
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and then the scalar curvature (Ricci curvature), that is given by two times the sum of the three
sectional curvatures (it represents a mean value of the other partial curvatures), is

R = 6λ
( 2− λr2

(1− λr2)3
)
. (12)

We recall that the term (1−λr2) is always positive and therefore both numerator and denominator
in R are positive. Thus, as R has λ as a global factor, then the curvature of the geometry is definite
positive or negative according to the sign of λ.

2.2 Isotropic oscillator with nonlinear terms k2/x
2, k3/y

2, and k4/z
2

Let us now denote by H111 the Hamiltonian of the three-dimensional isotropic oscillator with
additional nonlinear terms of the form k2/x

2, k3/y
2, and k4/z

2

H111 = (
1

2
) (p2x + p2y + p2z) +

[
k1(x

2 + y2 + z2) +
k2
x2

+
k3
y2

+
k4
z2

]
, (13)

that is the three-dimensional version of the two-dimensional Smorodinsky-Winternitz system [8, 48]
(this system, that is known as the ‘caged oscillator’ [28, 49, 50, 51, 52], can be considered as the
three-dimensional version of the isotonic oscillator). It admits separability in several coordinate
systems [10], and it is superintegrable with quadratic constants of motion.

Now let us denote by µ the following multiplier

µ = 1/(1− λ r2) , r2 = x2 + y2 + z2 , (14)

where λ is a real parameter. Then the new λ-dependent Hamiltonian Hµ defined as

Hµ = µH111 = (
1

1− λ r2
)H111 , lim λ→0Hµ = H111 ,

takes the form

Hµ = µH111 = (
1

2
)
(p2x + p2y + p2z

1− λ r2
)

+
[
k1
x2 + y2 + z2

1− λ r2
+

k2/x
2

1− λ r2
+

k3/y
2

1− λ r2
+

k4/z
2

1− λ r2
]
. (15)

The factor µ preserves the Hamilton-Jacobi separability in Cartesian coordinates. Therefore we
obtain the following three λ-dependent integrals of motion

K1λ = p2x + 2
(
k1x

2 +
k2
x2

)
+ 2λx2Hµ , K2λ = p2y + 2

(
k1y

2 +
k2
x2

)
+ 2λy2Hµ ,

K3λ = p2z + 2
(
k1z

2 +
k4
z2

)
+ 2λz2Hµ . (16)

They are functionally independent, that is dK1λ ∧ dK2λ ∧ dK3λ 6= 0, and satisfy

K1λ +K2λ +K3λ = 2Hµ , {Kiλ , Hµ} = 0 , {Kiλ ,Kjλ} = 0 , i, j = 1, 2, 3.

8
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There is a second set of integrals of motion related to the components of the angular momentum
that are λ-independent

KJ1 = (ypz − zpy)2 + 2k3

(z
y

)2
+ 2k4

(y
z

)2
, KJ2 = (zpx − xpz)2 + 2k2

( z
x

)2
+ 2k4

(x
z

)2
,

KJ3 = (xpy − ypx)2 + 2k2

(y
x

)2
+ 2k3

(x
y

)2
. (17)

and functionally independent
dKJ1 ∧ dKJ2 ∧ dKJ3 6= 0 .

That is, the factor µ modifies the Hamiltonian (and the dynamical vector field Xµ) but these three
integrals remain invariant. Two of these three functions can be chosen for the total set of five
functionally independent integrals of motion.

We summarize the results in the following proposition

Proposition 2 The λ-dependent Hamiltonian with a conformally Euclidean metric

Hµ = µH111 = (
1

2
)
(p2x + p2y + p2z

1− λ r2
)

+
[
k1
x2 + y2 + z2

1− λ r2
+

k2/x
2

1− λ r2
+

k3/y
2

1− λ r2
+

k4/z
2

1− λ r2
]

is superintegrable with two sets of three quadratic integrals of motion. A first set of three λ-dependent
functions Kiλ, i = 1, 2, 3, that Poisson commute and a second set of three angular momentum-
related functions KJi, i = 1, 2, 3, that are λ-independent. Two of the functions in the second set
can be chosen for the total set of five functionally independent integrals of motion.

3 Oscillator 1:1:2 related Hamiltonian with nonlinear terms k2/x
2,

k3/y
2, and k4/z

2

3.1 Oscillator 1:1:2 related Hamiltonian with Euclidean metric

Let us consider the Hamiltonian Hk23 of the harmonic oscillator with ratio of frequencies 1:1:2 and
with two additional nonlinear terms of the form k2/x

2 and k3/y
2

Hk23 = (
1

2
) (p2x + p2y + p2z) +

[
k1(x

2 + y2 + 4z2) +
k2
x2

+
k3
y2

]
. (18)

It is Hamilton-Jacobi separable in two different systems of coordinates, Cartesian (x, y, z) and
parabolic (σ, τ, φ) [10], and it is therefore superintegrable with five functionally independent quadratic
constants of motion.

(i) Three functions arise from the separability of the Hamilton-Jacobi equation in Cartesian
coordinates

K1 = p2x + 2k1x
2 + 2k2/x

2 , K2 = p2y + 2k1y
2 + 2k3/y

2 , K3 = p2z + 8k1z
2 , (19)

K1 +K2 +K3 = 2Hk23 , {Ki , Hk23} = 0 , {Ki ,Kj} = 0 , i, j = 1, 2, 3.

9
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(ii) A constant of motion related with the angular momentum

K4 = KJ3 = J2
3 + 2k2

(y
x

)2
+ 2k3

(x
y

)2
, {KJ3 , Hk23} = 0 . (20)

(iii) Two constants of motion of Runge-Lenz type structure

KRL1 = −pxJ2 + 2k1x
2z − 2k2(z/x

2) , {KRL1 , Hk23} = 0 ,
KRL2 = pyJ1 + 2k1y

2z − 2k3(z/y
2) , {KRL2 , Hk23} = 0 , (21)

that are functionally independent, that is dKRL1 ∧ dKRL2 6= 0. One of these two Runge-
Lenz functions, KRL1 or KRL2, can be chosen for the total set of five independents integrals
of motion.

But our purpose is the study of the following more general Hamiltonian [49]

Hk234 = (
1

2
) (p2x + p2y + p2z) +

[
k1(x

2 + y2 + 4z2) +
k2
x2

+
k3
y2

+
k4
z2

]
. (22)

The new term k4/z
2 destroys the separability in parabolic coordinates and therefore the fifth and

the sixth constants of motion, KRL1 and KRL2, are not preserved (that is, {KRL1 , Hk234} 6= 0
and {KRL2 , Hk234} 6= 0). The consequence is that this new system has only four quadratic first
integrals (we recall that a 3-dimensional system is called minimally superintegrable if it admits
only four functionally independent globally defined integrals of motion).

Next we will prove that actually Hk234 is maximally superintegrable. The important point is
that it admits new constants of motion but of higher order. That is, the new nonlinear term k4/z

2

prevents the existence of the above mentioned quadratic integrals of motion, KRL1 and KRL2, but
it gives rise to the existence of several constants of motion of fourth order, all of them not arising
from separability.

The proof is as follows. The two pair of functions(
KRL1 ,

1

z
(xpx)

)
and

(
KRL2 ,

1

z
(ypy)

)
(23)

are related between them by the time derivatives. More precisely we have

d

dt
KRL1 = 2k4λz

[1

z
(xpx)

]
,

d

dt

[1

z
(xpx)

]
= −λzKRL1 , λz =

1

z2
,

and
d

dt
KRL2 = 2k4λz

[1

z
(ypy)

]
,

d

dt

[1

z
(ypy)

]
= −λzKRL2 , λz =

1

z2
,

where of course the time-derivative means Poisson bracket with the Hamiltonian Hk234. Therefore,
if we denote by M1 and M2 the following complex function

M1 = KRL1 + i
√

2k4

[1

z
(xpx)

]
, M2 = KRL2 + i

√
2k4

[1

z
(ypy)

]
,

10
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then we have
d

dt
M1 =

d

dt
KRL1 + i

√
2k4

d

dt

[1

z
(xpx)

]
= − i

√
2k4 λzM1 ,

d

dt
M2 =

d

dt
KRL2 + i

√
2k4

d

dt

[1

z
(ypy)

]
= − i

√
2k4 λzM2 ,

and consequently

{M1M
∗
1 , Hk234} = {M1 , Hk234}M∗1 +M1{M∗1 , Hk234}

=
(
− i
√

2k4 λzM1

)
M∗1 +M1

(
i
√

2k4 λzM
∗
1

)
= 0 ,

{M2M
∗
2 , Hk234} = {M2 , Hk234}M∗2 +M2{M∗2 , Hk234}

=
(
− i
√

2k4 λzM2

)
M∗2 +M2

(
i
√

2k4 λzM
∗
2

)
= 0 .

{M1M
∗
2 , Hk234} = {M1 , Hk234}M∗2 +M1{M∗2 , Hk234}

=
(
− i
√

2k4 λzM1

)
M∗2 +M1

(
i
√

2k4 λzM
∗
2

)
= 0 .

Thus the following four functions

K5 = Im(M1M
∗
2 ) , K6a = Re(M1M

∗
2 ) , K6b = |M1 |2 , K6c = |M2 |2 , (24)

are all of them integrals of motion. The function K5 is cubic in the momenta

K5 =

√
2k4
z

(ypy)(KRL1)−
√

2k4
z

(xpx)(KRL2) , {K5 , Hk234} = 0 , (25)

but it is not functionally independent of the others (that is, dK1 ∧ dK2 ∧ dK3 ∧ dK4 ∧ dK5 = 0).
The other three, K6a, K6b, and K6c, are of the fourth order in the momenta

K6a = (KRL1)(KRL2) +
2k4
z2

(xpx)(ypy) , {K6a , Hk234} = 0 .

K6b = (KRL1)
2 +

2k4
z2

(xpx)2 , {K6b , Hk234} = 0 ,

K6c = (KRL2)
2 +

2k4
z2

(ypy)
2 , {K6c , Hk234} = 0 . (26)

Next we note two properties. First, the two fourth-order functions K6b and K6c satisfy the following
limit

lim k4→0K6b = (KRL1)
2 , lim k4→0K6c = (KRL2)

2 ,

so that we recover the Runge-Lenz like quadratic constants of motion KRL1 and KRL2 of the
Hamiltonian Hk23. Second, these functions can be grouped in a symmetric matrix [MK6] whose
determinant states the functional relation of the quartic functions with the cubic function K5

[MK6] =

[
K6b K6a

K6a K6c

]
, det [MK6] = (K5)

2 .

We can summarize these results as follows:

11
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Proposition 3 The Hamiltonian of the 1:1:2 oscillator with three nonlinear terms

Hk234 = (
1

2
) (p2x + p2y + p2z) +

[
k1(x

2 + y2 + 4z2) +
k2
x2

+
k3
y2

+
k4
z2

]
is maximally superintegrable with a fundamental set of three quadratic constants of motion (K1,K2,K3)
that Poisson commute, a fourth quadratic first integral related to the angular momentum (K4 =
KJ3) and three additional constants of motion, K6a, K6b and K6c, of fourth order in the momenta.
One of these three quartic functions can be chosen for the total set of five functionally independents
integrals of motion.

3.2 Oscillator 1:1:2 related Hamiltonian with a conformally Euclidean metric

Now let us denote by µ the following multiplier

µ = 1/(1− λ f) , f = (x2 + y2 + 4z2) , (27)

where λ is a real parameter defined is such a way that µ must be positive, i.e. when λ > 0 the
configuration space is restricted by x2 + y2 + 4z2 < 1/λ. The new Lagrangian is

Lµ = (
1

2
) (1− λ (x2 + y2 + 4z2))(v2x + v2y + v2z)−

[ k1(x
2 + y2 + 4z2)

1− λ (x2 + y2 + 4z2)
+
k2/x

2 + k3/y
2 + k4/z

2

1− λ (x2 + y2 + 4z2)

]
,

(28)
and the new Hamiltonian, that is given by

Hµ = µHk234 =
( 1

1− λ (x2 + y2 + 4z2)

)
Hk234 , lim λ→0Hµ = Hk234 ,

takes the form

Hµ = (
1

2
)
( p2x + p2y + p2z

1− λ (x2 + y2 + 4z2)

)
+
[ k1(x

2 + y2 + 4z2)

1− λ (x2 + y2 + 4z2)
+
k2/x

2 + k3/y
2 + k4/z

2

1− λ (x2 + y2 + 4z2)

]
. (29)

(i) The factor µ preserves the separability in Cartesian coordinates; consequently the following
three λ-dependent functions are integrals of motion:

K1λ = p2x + 2k1x
2 + 2k2/x

2 + 2λx2Hµ , K2λ = p2y + 2k1y
2 + 2k3/y

2 + 2λy2Hµ ,

K3λ = p2z + 8k1z
2 + 2k4/z

2 + 8λz2Hµ , (30)

that are functionally independent, that is dK1λ ∧ dK2λ ∧ dK3λ 6= 0, and satisfy

K1λ +K2λ +K3λ = 2Hµ , {Kiλ , Hµ} = 0 , {Kiλ ,Kjλ} = 0 , i, j = 1, 2, 3.

(ii) The factor µ preserves the expression of the fourth integral of motion that is λ-independent

K4 = KJ3 = (xpy − ypx)2 + 2k2

(y
x

)2
+ 2k3

(x
y

)2
, {KJ3 , Hµ} = 0 . (31)
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Now if we denote by KRL1µ and KRL2µ he following λ-dependent functions obtained as a defor-
mation of the previous Runge-Lenz like functions KRL1 and KRL2

KRL1µ = KRL1 + 2λµx2zHk234 , lim λ→0KRL1µ = KRL1 ,

KRL2µ = KRL2 + 2λµy2zHk234 , lim λ→0KRL2µ = KRL2 ,

then we have the following two properties

d

dt
KRL1µ = 2k4λµ

[1

z
(xpx)

]
,

d

dt

[1

z
(xpx)

]
= −λµKRL1µ , λµ = µ

1

z2
,

d

dt
KRL2µ = 2k4λµ

[1

z
(ypy)

]
,

d

dt

[1

z
(ypy)

]
= −λµKRL2µ , λµ = µ

1

z2
.

They are rather similar to the previous properties in the case of the Euclidean Hamiltonian Hk234

but with λ-dependent functions; that is, Hµ instead of Hk234, KRL1µ and KRL2µ instead of KRL1

and KRL2 and λµ instead of λz. The complex functions M1 and M2 of the Euclidean case are now
the following λ-dependent complex functions M1µ and M2µ :

M1µ = KRL1µ + i
√

2k4

[1

z
(xpx)

]
, M2µ = KRL2µ + i

√
2k4

[1

z
(ypy)

]
,

that satisfy

{M1µ , Hµ} = − i
√

2k4 λµM1µ , {M2µ , Hµ} = − i
√

2k4 λµM2µ ,

and therefore we obtain the following results

{M1µM
∗
1µ , Hµ} =

(
− i
√

2k4 λµM1µ

)
M∗1µ +M1µ

(
i
√

2k4 λµM
∗
1µ

)
= 0 ,

{M2µM
∗
2µ , Hµ} =

(
− i
√

2k4 λµM2µ

)
M∗2µ +M2µ

(
i
√

2k4 λµM
∗
2µ

)
= 0 ,

{M1µM
∗
2µ , Hµ} =

(
− i
√

2k4 λzM1µ

)
M∗2µ +M1µ

(
i
√

2k4 λzM
∗
2µ

)
= 0 .

Thus the following four λ-dependent functions

K5λ = Im(M1µM
∗
2µ) , K6aλ = Re(M1µM

∗
2µ) , K6bλ = |M1µ |2 , K6cλ = |M2µ |2 , (32)

are all of them integrals of motion. As in the Euclidean case, one of them is cubic and the other
three are quartic. That is, the function K5λ given by

K5λ =

√
2k4
z

(ypy)(KRL1µ)−
√

2k4
z

(xpx)(KRL2µ) , {K5λ , Hµ} = 0 , (33)

is of third order in the momenta but it is functionally dependent of the four quadratic first integrals.
The other three, K6aλ, K6bλ, and K6cλ, are of the fourth order in the momenta

K6aλ = (KRL1µ)(KRL2µ) +
2k4
z2

(xpx)(ypy) , {K6aλ , Hµ} = 0 ,

13
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K6bλ = (KRL1µ)2 +
2k4
z2

(xpx)2 , {K6bλ , Hµ} = 0 ,

K6cλ = (KRL2µ)2 +
2k4
z2

(ypy)
2 , {K6cλ , Hµ} = 0 . (34)

The deformation introduced by the parameter λ preserves the relation obtained in the Euclidean
case between the quartic and the cubic functions; that is, we have a λ-dependent symmetric matrix
[MK6λ] and the determinant of this matrix is just the square of the cubic function

[MK6λ] =

[
K6bλ K6aλ

K6aλ K6cλ

]
, det [MK6λ] = (K5λ)2 .

The following proposition summarizes the results we have obtained:

Proposition 4 The λ-dependent Hamiltonian with a conformally Euclidean metric

Hµ = µHk234 =
( 1

1− λ (x2 + y2 + 4z2)

)
Hk234 , lim λ→0Hµ = Hk234 ,

where Hk234 is the Hamiltonian of the 1:1:2 oscillator with three nonlinear terms

Hk234 = (
1

2
) (p2x + p2y + p2z) +

[
k1(x

2 + y2 + 4z2) +
k2
x2

+
k3
y2

+
k4
z2

]
,

is maximally superintegrable with a fundamental set of three λ-dependent quadratic constants of
motion (K1λ,K2λ,K3λ) that Poisson commute, a fourth quadratic first integral related with the
angular momentum (K4 = KJ3) and a set of three additional λ-dependent constants of motion,
K6aλ, K6bλ and K6cλ, of fourth order in the momenta. One of these three quartic functions can be
chosen for the total set of five functionally independents integrals of motion.

In this case the conformally flat metric gij is given by the metric in the kinetic term in the
Lagrangian Lµ

gij = (1− λ (x2 + y2 + 4z2)) diagonal[1, 1, 1] (35)

and the sectional curvatures κxy, κxz, and κyz, with respect to the planes (x, y), (x, z), and (y, z)
take respectively the forms

κxy = 2λ
( 1− 12λz2

(1− λ (x2 + y2 + 4z2))3

)
, κxz = λ

( 5− 3λ(x2 + 2y2 − 4z2)

(1− λ (x2 + y2 + 4z2))3

)
,

κyz = λ
( 5− 3λ(2x2 + y2 − 4z2)

(1− λ (x2 + y2 + 4z2))3

)
. (36)

The expressions of these sectional curvatures are not very simple. They have λ as a global factor
but the numerators also depend of λ and can take positive or negative values depending of values
of the coordinates (the denominators are positive since the dynamics is defined in the region (1−
λ (x2 + y2 + 4z2)) > 0). The scalar curvature (Ricci curvature), that is given by two times the sum
of the three sectional curvatures, is

R = 6λ
( 4− 3λ(x2 + y2)

(1− λ (x2 + y2 + 4z2))3

)
, (37)

where the expression in parenthesis is always positive; therefore the sign of R and the type of
geometry (negative hyperbolic or positive spherical) depends directly on the value of λ.
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4 Kepler related Hamiltonian with nonlinear terms k2/x
2, k3/y

2,
and k4/z

2

4.1 Euclidean Kepler related Hamiltonian

Let us consider the Hamiltonian HK234 of the Kepler problem with three additional nonlinear terms
of the form k2/x

2, k3/y
2 and k4/z

2

HK234 = (
1

2
) (p2x + p2y + p2z) + VK234 , VK234 =

k1
r

+
k2
x2

+
k3
y2

+
k4
z2
. (38)

It is separable in spherical (r, θ, φ) coordinates and it is therefore Liouville integrable with quadratic
integrals of motion. In the particular case k4 = 0 it is also separable in parabolic (σ, τ, φ) coordi-
nates and in this case is superintegrable with five functionally independent quadratic first integrals
(including the Hamiltonian itself) [10]. Verrier et al [53] and Rodriguez et al [54, 55], proved, by
making use of dimensional reduction and action-angle variables, that in the general case ki 6= 0,
i = 2, 3, 4, it admits a fifth first integral quartic in the momenta (not arising from separability
of the Hamilton-Jacobi equation) so that the system is maximally superintegrable (the quadratic
algebra of symmetries of this system was studied in [56]).

Now we prove the existence of a total of six integrals of motion (seven with the Hamiltonian but
of course only five of them are functionally independent) that can be grouped in two sets with three
integrals in each one.

First, the components (J1, J2, J3) of the angular momentum are not preserved but the following
three angular momentum related functions

KJ1 = J2
1 + 2k3

(z
y

)2
+ 2k4

(y
z

)2
, KJ2 = J2

2 + 2k2

( z
x

)2
+ 2k4

(x
z

)2
,

KJ3 = J2
3 + 2k2

(y
x

)2
+ 2k3

(x
y

)2
, (39)

are functionally independent, dKJ1 ∧ dKJ2 ∧ dKJ3 6= 0, and satisfy the following Poisson bracket
properties

{KJ1 ,KJ2 +KJ3} = 0 , {KJi , HK234} = 0 , i = 1, 2, 3.

Second, let us denote by Ra, a = x, y, z, the following Runge-Lenz-related functions

Rx = (J2pz − J3py)− x
(k1
r

+
2k2
x2

+
2k3
y2

+
2k4
z2

)
,

Ry = (J3px − J1pz)− y
(k1
r

+
2k2
x2

+
2k3
y2

+
2k4
z2

)
,

Rz = (J1py − J2px)− z
(k1
r

+
2k2
x2

+
2k3
y2

+
2k4
z2

)
. (40)

In fact, in the particular case (k1 6= 0, k2 = k3 = k4 = 0), these three functions reduce to three
components of the Runge-Lenz vector.
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We have the following property. The functions Ra, a = x, y, z, and the functions

(xpx + ypy + zpz)/x , (xpx + ypy + zpz)/y , (xpx + ypy + zpz)/z ,

are related among them by the time derivatives. More precisely, we have

{Rx , HK234} = 2k2λx
1

x

(
xpx + ypy + zpz

)
,
{1

x
(xpx + ypy + zpz) , HK234

}
= −λxRx ,

{Ry , HK234} = 2k3λy
1

y

(
xpx + ypy + zpz

)
,
{1

y

(
xpx + ypy + zpz) , HK234

}
= −λy Ry ,

{Rz , HK234} = 2k4λz
1

z

(
xpx + ypy + zpz

)
,
{1

z

(
xpx + ypy + zpz) , HK234

}
= −λz Rz ,

where the coefficients λa, a = x, y, z, take the forms

λx =
1

x2
, λy =

1

y2
, λz =

1

z2
.

Then the following proposition states the properties of these functions.

Proposition 5 Let Ma, a = x, y, z, denote the following complex functions

Ma = Ra + i
√

2kj
1

a

(
xpx + ypy + zpz

)
, a = x, y, z, j = 2, 3, 4.

Then the time derivatives of everyone of these functions satisfy the following relations

d

dt
Mx = − i

√
2k2 λxMx ,

d

dt
My = − i

√
2k3 λyMy ,

d

dt
Mz = − i

√
2k4 λzMz .

Therefore the moduli |Ma | of the functions Ma, a = x, y, z, satisfy

d

dt
|Mx |2 =

( d
dt
Mx

)
M∗x + Mx

( d
dt
M∗x

)
= (− i

√
2k2 λx + i

√
2k2 λx)

(
MxM

∗
x

)
= 0 ,

d

dt
|My |2 =

( d
dt
My

)
M∗y + My

( d
dt
M∗y

)
= (− i

√
2k3 λy + i

√
2k3 λy)

(
MyM

∗
y

)
= 0 ,

d

dt
|Mz |2 =

( d
dt
Mz

)
M∗z + Mz

( d
dt
M∗z

)
= (− i

√
2k4 λz + i

√
2k4 λz)

(
MzM

∗
z

)
= 0 .

Hence the three functions K4a, a = x, y, z, given by

K4x = |Mx |2 = R2
x +

2k2
x2

(
xpx + ypy + zpz

)2
, K4y = |My |2 = R2

y +
2k3
y2

(
xpx + ypy + zpz

)2
,

K4z = |Mz |2 = R2
z +

2k4
z2

(
xpx + ypy + zpz

)2
, (41)

are quartic constants of motion of motion

{K4a , HK234} = 0 , a = x, y, z.

We have proved the following proposition:
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Proposition 6 The Kepler Hamiltonian with three additional nonlinear terms

HK234 = (
1

2
) (p2x + p2y + p2z) + VK234 , VK234 =

k1
r

+
k2
x2

+
k3
y2

+
k4
z2
,

is maximally superintegrable with a fundamental set of three angular-momentum-related quadratic
constants of motion (KJ1,KJ2,KJ3) and a second set (K4x,K4y,K4z) of three constants of motion
of fourth order in the momenta.

4.2 Kepler related Hamiltonian with a conformally Euclidean metric

Now let us denote by µ the following multiplier

µ = 1/(1− κ/r) . (42)

where κ is a real parameter. Then the new Hamiltonian given by

HKµ = µHK234 = (
r

r − κ
)HK234 , lim κ→0HKµ = HK234 ,

takes the form

HKµ = (
1

2
) (

r

r − κ
)(p2x + p2y + p2z) +

k1
r − κ

+ (
r

r − κ
)
(k2
x2

+
k3
y2

+
k4
z2

)
. (43)

(In this section we denote the parameter by κ instead of λ to simplify the notation and avoid
confusion with λa, and λaµ, a = x, y, z).

In the κ < 0 case the dynamics of HKµ is correctly defined (the kinetic term is well defined);
nevertheless when κ > 0, the Hamiltonian (and the associated dynamics) has a singularity at r = κ;
so in this case the dynamics is defined in the exterior of the sphere r = κ. We also note that the
factor (1− κ/r) shows a certain similarity with the coefficient in the Schwarzschild metric.

It is clear that µ preserves the spherical separability so the first set of the three angular momentum
related functions KJa, a = x, y, z, still remain as κ-independent integrals of motion for the κ-
dependent Hamiltonian HKµ; that is,

{KJ1 ,KJ2 +KJ3} = 0 , {KJi , HKµ} = 0 , i = 1, 2, 3.

Let us introduce the κ-dependent functions Wa, a = x, y, z, defined as follows

Wx = Rx − κ(
x

r − κ
)HK234 , Wy = Ry − κ(

y

r − κ
)HK234 , Wz = Rz − κ(

z

r − κ
)HK234 , (44)

so that they satisfy

lim κ→0Wx = Rx , lim κ→0Wy = Ry , lim κ→0Wz = Rz .

Then these three functions Wa, a = x, y, z, and the above defined κ-independent functions

(xpx + ypy + zpz)/x , (xpx + ypy + zpz)/y , (xpx + ypy + zpz)/z ,
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are related between them pair-wise by their Poisson brackets with the Hamiltonian HKµ

{Wx , HKµ} = 2k2λxµ
1

x

(
xpx + ypy + zpz

)
,
{1

x
(xpx + ypy + zpz) , HKµ

}
= −λxµWx ,

{Wy , HKµ} = 2k3λyµ
1

y

(
xpx + ypy + zpz

)
,
{1

y

(
xpx + ypy + zpz) , HKµ

}
= −λyµWy ,

{Wz , HKµ} = 2k4λzµ
1

z

(
xpx + ypy + zpz

)
,
{1

z

(
xpx + ypy + zpz) , HKµ

}
= −λzµWz ,

where the coefficients λaµ, a = x, y, z, that are κ-dependent, take the following forms

λxµ =
1

x2
(

r

r − κ
) , λyµ =

1

y2
(

r

r − κ
) , λzµ =

1

z2
(

r

r − κ
) .

We note that if one of the three constants ki is not present in the Hamiltonian HKµ then the
corresponding function Wi becomes invariant; for example, if k2 = 0 then Wx is a quadratic
constant of motion for HKµ.

Proposition 7 Let Maµ, a = x, y, z, denote the following complex functions

Maµ = Wa + i
√

2kj
1

a

(
xpx + ypy + zpz

)
, a = x, y, z, j = 2, 3, 4 .

Then the Poisson bracket of everyone of these complex functions with the Hamiltonian HKµ is
directly related to itself and given by the following expressions

{Mxµ , HKµ} = − i
√

2k2 λxµMxµ , {Myµ , HKµ} = − i
√

2k3 λyµMyµ ,

{Mzµ , HKµ} = − i
√

2k4 λzµMzµ .

These three properties are rather similar to the previous properties in the case of the Euclidean
Hamiltonian (Proposition 5) but with µ-dependent functions; that is, HKµ instead of HK234, Maµ

instead of Ma and λaµ instead of λa, a = 2, 3, 4.

Therefore the moduli |Maµ | of the three functions Maµ, a = x, y, z, satisfy

{MaµM
∗
aµ , HKµ} =

(
− i
√

2kj λaµMaµ

)
M∗aµ +Maµ

(
i
√

2kj λaµM
∗
aµ

)
= 0 ,

with a = x, y, z, and j = 2, 3, 4.

Hence the three functions K4aµ = |Maµ |2, a = x, y, z, given by

K4xµ = W 2
x +

2k2
x2

(
xpx + ypy + zpz

)2
, K4yµ = W 2

y +
2k3
y2

(
xpx + ypy + zpz

)2
,

K4zµ = W 2
z +

2k4
z2

(
xpx + ypy + zpz

)2
, (45)

are first integrals of motion of fourth order in the momenta.

We note that the coefficients λaµ, a = x, y, z, are not constants but functions λaµ 6= λbµ, a 6= b;
this fact prevents the coupling of Mxµ with Myµ or Mzµ. That is, we obtain the three functions
K4aµ = W 2

a + . . . but not any function of the form WxWy + . . .

We close this section by summarizing the results in the following proposition:
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Proposition 8 The κ-dependent Kepler-related Hamiltonian

HKµ = µHK234 = (
1

2
) (

r

r − κ
)(p2x + p2y + p2z) +

k1
r − κ

+ (
r

r − κ
)
(k2
x2

+
k3
y2

+
k4
z2

)
,

is maximally superintegrable with a fundamental set of three angular-momentum-related quadratic
constants of motion (KJ1,KJ2,KJ3) and a second set (K4xµ,K4yµ,K4zµ) of three κ-dependent
constants of motion of fourth order in the momenta.

In this case we present the geometric properties by making use of spherical coordinates (r, θ.φ).
The conformally flat metric gij in Euclidean coordinates is given by

gij = (1− κ/r)diagonal[1, 1, 1], (46)

and then in the above mentioned spherical coordinates by

gij = (1− κ/r)diagonal[1, r2, r2 sin2 θ], (47)

and the sectional curvatures κrθ, κrφ, and κθφ, with respect to the three two-dimensional planes
(r, θ), (r, φ), and (θ, φ), that are orthogonal to one another, take the forms

κrθ =
κ

2(r − κ)3
, κrφ =

κ

2(r − κ)3
, κθφ =

κ(3κ− 4r)

4r(r − κ)3
, (48)

and then the scalar curvature (Ricci curvature), that is given by two times the sum of the three
sectional curvatures, is

R =
3κ2

2r(r − κ)3
. (49)

The sectional curvatures κab can take positive or negative values but the Ricci curvature R (that
is a scalar function representing an average of the partial curvatures) is proportional to κ2 and it
is therefore always positive (we recall that the dynamics is defined in the region (r − κ) > 0).

5 Final comments

As observed in the introduction the harmonic oscillator and the Kepler problem are important by
themselves but also as a starting point for the study of other related but more general systems. In
fact this has been the matter we have studied: the analysis of four 3-dimensional superintegrable
systems defined on conformally flat spaces and related with these two fundamental systems.

More precisely, we have proved the quadratic superintegrability (and we have obtained all the in-
tegrals of motion) of the following two oscillator-related Hamiltonians with a conformally Euclidean
metric

• Isotropic harmonic oscillator with additional terms of the form k2x, k3y, and k4z

Hµ = µH111 = (
1

2
)
(p2x + p2y + p2z

1− λ r2
)

+
[
k1
x2 + y2 + z2

1− λ r2
+

k2 x

1− λ r2
+

k3 y

1− λ r2
+

k4 z

1− λ r2
]
.
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• Isotropic harmonic oscillator with additional terms of the form k2/x
2, k3/y

2, and k4/z
2

Hµ = µH111 = (
1

2
)
(p2x + p2y + p2z

1− λ r2
)

+
[
k1
x2 + y2 + z2

1− λ r2
+

k2/x
2

1− λ r2
+

k3/y
2

1− λ r2
+

k4/z
2

1− λ r2
]
.

as well as the higher-order superintegrability (with integrals of fourth-order in the momenta) of the
following 1:1:2 oscillator-related and Kepler-related Hamiltonians:

• Oscillator 1:1:2 with additional terms of the form k2/x
2, k3/y

2, and k4/z
2

Hµ = µHk234 = (
1

2
)
( p2x + p2y + p2z

1− λ (x2 + y2 + 4z2)

)
+
[ k1(x

2 + y2 + 4z2)

1− λ (x2 + y2 + 4z2)
+
k2/x

2 + k3/y
2 + k4/z

2

1− λ (x2 + y2 + 4z2)

]
.

• Kepler with additional terms of the form k2/x
2, k3/y

2, and k4/z
2

HKµ = µHK234 = (
1

2
) (

r

r − κ
)(p2x + p2y + p2z) +

k1
r − κ

+ (
r

r − κ
)
(k2
x2

+
k3
y2

+
k4
z2

)
.

Although the initial and principal objective of this paper was the study of Hamiltonians defined
on spaces with a conformally Euclidean geometry, we have arrived to an important and different
question; existence of of Hamiltonian systems with higher-order integrals of motion. This is a very
remarkable result since these integrals are not related with Hamilton-Jacobi (Schrödinger in the
quantum case) separability and, because of this, they are very difficult to be obtained. In fact,
most of studies devoted to this question are restricted to the two-dimensional Euclidean plane
and the results for these higher order in the momenta constants are usually obtained after a long
calculation. Here, working with 3-dimensional systems, we have obtained several quartic first
integrals by making use of a method related with the existence of complex functions which satisfy
certain interesting Poisson bracket relations in such a way that the new constants do not arise from
separability but from the properties of these complex functions.

A natural question is if this complex-related method is limited to the two systems studied in
sections 3 and 4 or it can be applied to other different Hamiltonian systems. This is an open
question that must be considered as a matter to be studied. We also recall that we have made use
of some particular values of the multiplier µ (appropriate in every case to the particular expression
of the potential). The existence of more general values of µ (more general conformally Euclidean
metrics) is also a matter to be studied.

6 Appendix. Properties of the matrix [Kij]

The symmetric matrix of the λ-depending integrals of motion [Kij ], {Kij , Hµ} = 0, Hµ = µH111,
obtained in the section (2.1) represents a generalization of the Fradkin tensor [47] for the dynamics
of the Hamiltonian Hµ = µH111. Now we present its more important properties (in this appendix
we simplify the notation and we just write Kij instead of Kijλ).
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(i) The trace of the matrix [Kij ] is just the Hamiltonian

tr[Kij ] = Kxx +Kyy +Kzz = 2Hµ .

(ii) The matrix [Kij ] satisfies the following propertyKxx Kxy Kzx

Kxy Kyy Kyz

Kzx Kyz Kzz

 JyzJzx
Jxy

 = I

xy
z

 ,
where we recall that I is the following linear first integral

I = k2Jyz + k3Jzx + k4Jxy , {I ,Hµ} = 0

In the particular case ki = 0, i = 2, 3, 4, the right hand side vanishes and we obtain the result
of Fradkin.

(iii) The following relations between the components of the matrix are true:

x2Kyy − 2xyKxy + y2Kxx = J2
xy , y2Kzz − 2yzKyz + z2Kyy = J2

yz ,

z2Kxx − 2zxKzx + x2Kzz = J2
zx,

KxxKyy −K2
xy = 2J2

xy(λHµ + k1)− 2(k3px − k2py)Jxy − (k3x− k2y)2,

KyyKzz −K2
yz = 2J2

yz(λHµ + k1)− 2(k4py − k3pz)Jyz − (k4y − k3z)2.

(iv) The following three algebraic properties are true

Kijxixj = 2(x2 + y2 + z2)Hµ − (J2
xy + J2

yz + J2
zx),

Kijxipj = 2(xpx + ypy + zpz)Hµ +
[
(k3x− k2y)Jxy + (k4y − k3z)Jyz + (k2z − k4x)Jzx

]
,

Kijpipj = (p2x + p2y + p2z)
2 + 2(xpx + ypy + zpz)

2(λHµ + k1) + 2(k2px + k3py + k4pz)(xpx + ypy + zpz).
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[54] M.A. Rodŕıguez, P. Tempesta and P. Winternitz, “Reduction of superintegrable systems: the anisotropic
harmonic oscillator”, Phys. Rev. E 78, 046608 (2008).
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