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Abstract. We introduced some contact potentials that can be written as
a linear combination of the Dirac delta and its first derivative, the §-8’
interaction. After a simple general presentation in one dimension, we
briefly discuss a one dimensional periodic potential with a §-0" interac-
tion at each node. The dependence of energy bands with the parameters
(coefficients of the deltas) can be computed numerically. We also study
the -0’ interaction supported on spheres of arbitrary dimension. The
spherical symmetry of this model allows us to obtain rigorous conclu-
sions concerning the number of bound states in terms of the parameters
and the dimension. Finally, a -0’ interaction is used to approximate a
potential of wide use in nuclear physics, and estimate the total number
of bound states as well as the behaviour of some resonance poles with
the lowest energy.
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1. Introduction

Contact potentials are interactions supported on manifolds of lower dimen-
sion than the dimension of the overall space [1-4]. Along the present manu-
script, we shall consider the time independent one dimensional Schrédinger
equation and contact potentials supported on isolated points (this is why we
shall also use the term of point interactions to refer to them) or on lower
dimensional varieties. The simplest case of a one dimensional contact poten-
tial is the Dirac delta interaction d(x) supported at a point. In this case the
Schrodinger equation comes from a one dimensional Hamiltonian of the form
H = —d?/dz* + V(z), where V() accounts for the contact potential. This
study is important in quantum mechanics and here are a few reasons:
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e Many of these models are exactly solvable and are very suitable to study
scattering properties [5-7]. In particular, they are good toy models to
study resonances and antibound states and their properties [8,9].

e They may serve to model point defects in materials, topological insula-
tors [10,11] and heterostructures, which may be represented by abrupt
mass changes [12,13].

e In nanophysics: to mimic sharply peaked impurities inside quantum dots

e In scalar QFT on a line: used to show the influence of impurities and
external singular backgrounds [14].

e Point interactions of the type Dirac delta, d(x) or ¢’(z), can be under-
stood as perturbations of a free kinetic Schréodinger Hamiltonian, but
they could be also combined with other type of interactions such as the
harmonic oscillator, a constant electric field, the infinite square well, the
conical oscillator, etc [15-19].

e Double §-¢’ barriers have been used to study the Casimir effect [20-23].

e Chains of periodic §-¢’ interactions have been considered in order to
analyze a solvable Kronig-Penney model in solid state, where the be-
haviour of band spectrum has been thoroughly analyzed in order to
obtain a better comprehension of dielectric and conducting phenom-
ena [24,25].

e Although in principle we focused our attention in one dimensional non-
relativistic problems, work has been done also in the study of contact
potentials in higher dimensions [26], or as perturbations of the Dirac
equation or the Salpeter Hamiltonian [27]. There is a wide range of
problems in this field that will be studied in a near future.

In one dimension, it has been proven the existence of families depending
on four real parameters of contact potentials at each point compatible with
the self-adjointness of the Hamiltonian. There are some discussion on the
physical meaning of these families that are obtained through the formalism
of self-adjoint extensions of symmetric operators on Hilbert spaces.

Along this presentation, we shall consider the following forms for V(z):

V(z) = —ad(x) + bd'(x), where a and b are real numbers with a > 0.
The Kronig-Penney model V(z) = >°°° _ (Vod(z—na)+aV1 6’ (x—na)).
The radial potential V() = ad(r — ') + bd’(r — r') with a and b real.
An application to nuclear physics, considering the previous radial po-

tential plus a finite spherical well V[0(r — R) — 1].

2. A 6-0’ perturbation of the one dimensional free
Hamiltonian

We start with the one dimensional Hamiltonian of the form

2
H:HO—H/(x):Qp—m—aé(m)—kbé’(m), with a>0,beR, (1)
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where Hy = p?/(2m) and V (z) := —ad(x) +bd’(x). Here, we need a definition
of the potential V' (x) such that the Hamiltonian H in (1) be self-adjoint.
While a perturbation of the type —d(z) is well defined on Hp, the point is
to add the term containing the ¢'(x). There is not a unique definition for
perturbation of this kind, but we need one compatible with the term on é(x).
This is sometimes called the local §'(x) and the interaction V(z) has to be
defined via the self-adjoint extensions of symmetric (Hermitian) operators.

A self-adjoint determination of the Hamiltonian (1) can be provided
through the theory of self-adjoint extensions of symmetric (Hermitian) oper-
ators with equal deficiency indices. First of all, we define the domain of the
“free” operator Hy = —d?/dx? as the Sobolev space W3 (R\{0}) of absolutely
continuous functions ¢ (x) : R\{0} — C, on the real line excluded the origin,
such that:

(1) The first derivative ¢’(x) is absolutely continuous on R\{0} (note that
an absolutely continuous function admits derivative at almost all points);
(2) Both ¥(z) and ¥ (x) are square integrable:

/ T @) + 19 (@)P} de < oo, (@)

(3) ©(0) = ¢'(0) = 0.

With this domain, Hy is a symmetric operator with deficiency indices (2, 2),
which means that it has a set of self-adjoint extensions depending on 4 real
parameters. Note that Conditions (1) and (2) give the domain of the adjoint,
H(J)r , of Hy. Self-adjoint extensions of Hy have domains included in the domain
of Hg and are characterized by matching conditions at the origin. They have
been classified in [5,28]. In our case, we propose for V(z) = —ad(z) + b ()
the following matching conditions:

B2 4+ mb
<w<o+>> NE = <w(0>> “
¥'(0F) | —2r%2am A% —mb W'(07) ’

Rt —m?2b2  Rh2+mb

where f(0%) and f(07) are the right and left limits, respectively, of the
function f(x) at the origin. The corresponding Schrédinger equation for H =
Ho+V(x)is

o (@)~ ad(E)(r) + b8 (@) $(x) = B (). ()

Since neither the functions ¢ (z) in the domain of H nor their first
derivatives are continuous at the origin, we need to give a determination of
the products 6(z)1(x) and & (x) 1(x) that replace the usual ones and that
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were somehow compatible with (3). Following [5], we propose

$(0F) +¥(07)

S(@)p(z) == ———5— (), (5)
+ — (Nt 1(N—

Some conclusions will be presented next. This includes bound states and
scattering coeflicients.

2.1. Bound states and scattering coefficients

It is well known that the Hamiltonian (1) has a bound state for b = 0,
since —a is negative. When b # 0, it is easy to prove that a bound state
must exist. Furthermore, we can find its energy and its wave function by
solving the Schrodinger equation (4). Note that outside the origin, this is the
Schrodinger equation for the free particle, so its solution should be of the
form

Y(z) =ae™0(—x)+ Le "0(zx), k=+/—2mE/R?, (7)
with E < 0, 6(z) is the Heaviside step function, a = ¢(07) and 8 = (0™).
In addition, the function ¢ (z) in (7) must belong to the domain of the Hamil-

tonian (1), so that it must satisfy the matching conditions (3). Taking into
account (3), the final form of (7) is

(z) = M

= iz (0 —mb) e 0(=x) + (W +mb) ™" ()] (8)

Note that the function (8) is square integrable and, therefore, represents
the wave function for the unique bound state of the system. Then, we plug (8)
into the Schrodinger equation (4), which after some algebra gives the energy
value for the unique bound state,

1 ma?h’

=y )

It is a simple task to obtain the scattering coefficients. Assume that a
monochromatic wave e?** k= +/2mE/h?, E > 0, comes from the left to the
right. After scattering with the potential V(z), the resulting wave function
has different forms on the regiones x < 0 or = > 0, which are given by

forz < 0: (x) =e* 4+ Re™*; forz>0: ¢(x) =Tek, (10)

where R and T are the reflection and transmission coefficients, respectively.
These coefficients are easily obtained by using matching conditions (3), where
we now choose i = 1 for simplicity:

1+ mb

T T 0 14+ R )
_ , 11
ikT —2am_ - 1=mb | \;k(1 - R)

1—m2b2 14+mb
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so that,
—(am + 2mbki) (1 — m2b?)ki
R(k) = T(k) =
(k) am + (1 +m2b?)ki’ (k) am + (1 +m2b?)ki’
where i is the imaginary unit. Note that |R(k)|> + |T(k)|*> = 1. At the ex-

ceptional values b = +1/m, there is no transmission. This case will not be
treated in the sequel, but it was carefully considered in [23,31].

(12)

3. The Dirac -6’ comb

The correspondence between boundary conditions and surface interactions in
quantum field theory was established by Symanzik some time ago [29]. One
the most interesting examples of these surface interactions is given by the
Casimir effect [30]. It was in [31] where an interpretation of the Casimir effect
using a 0-¢’ type of potential was proposed. The idea in [31] was mimicking the
plates in the Casimir effect as two point interactions, so that the Hamiltonian
becomes
2 d2

- 2m dz?

H = Hy+V(z) = +a1 6(z+q)+b1 8 (x+q)+a 6(x—q)+b2 &' (x—q),

(13)
where ¢ > 0 and the meaning of Hy and V(z) is obvious.
A generalization of the Hamiltonian (13) is given by the Dirac §-§’ comb.
This is a modification of the Kronig-Penney model, which is an exactly solv-
able periodic potential, used in Solid State Physics, which describes electron
motion in a periodic array of rectangular barriers. The most obvious general-
ization of the Kronig-Penney model is to replace the rectangular barriers by
Dirac deltas of the same amplitude, something that can be obtained by a for-
mal limit procedure. Now, the one dimensional Hamiltonian H = Hy + V()
is given by a periodic potential of the form V(z) = VoY o d(z — na),
with Vo > 0 and a > 0.
Inspired in the above mentioned analysis of the Casimir effect, we pro-
pose the study of the Dirac 0-6’ comb, in which the potential takes the form:
oo
Vi(z) = Z (Voo(z —na) +aVy 8'(x —na)), a,Vo>0, Vi eR. (14)
n=—oo
so that it is a second generalization of the Kronig-Penney model. From the
point of view of physics, this chain may model a periodic array of charges and
dipoles. The objective is to solve the one dimensional Schrodinger equation
using (14) as potential.
Now, we operate on a neighbourhood of the origin, see Figure 1. If we
call ;(x) and ¥rr(z) to the wave functions in the region I (left) and IT

(right), respectively, they have the following form (k = 7v2;i”E > 0):

1/}](33) — AI eikz + Bl e—ikz7 wll(l’) — AII eikm + BII e—ik:r:’

Yi(x) =ik Ape™ —ik Bie ™ i (z) = ik Arpe™ — ik Bire ™. (15)



6 Nieto, Gadella, Mateos, Munoz and Romaniega

Equations (15) can be written in simplified matrix form as

(o)== ()
b () = — KM, . J=11I, (16)
Vi () By

o w, = (¢ 0 (17)
- ik —ik) N0 etk )

In order to include the perturbation of the form §-¢’ at the origin, we
have to use the matching conditions, as before. The resulting equation has

with

14+U, 0
| 1-U _ maly __ mal;
Tv = Wo/a 1-Uy |~ Uo="7z Ui="p (1)
1-U2 1+U;

Again, (18) is valid provided that V; # 4+h%/(ma), otherwise the origin
becomes opaque. After some algebra, we finally arrive to the following relation
between the coefficients of the wave function to both sides of the origin:

(o) (1)
=K 'TyK : (19)
By By

Then, we use the periodicity properties of the potential in order to
obtain the wave function over all the real line R and some other properties.
First of all, the Floquet-Bloch theorem imposes the following condition (x €
(—a,a)):

U(a+a) = e P(x) = ' (x +a) = 1Y/ (x), (20)

where ¢ is a constant called the quasi-momentum and it is a characteristic
of the periodic potential given, and a is the distance between the nodes or
points supporting the contact potential. We may write relation (20) in matrix

FIGURE 1. Periodic potential (14) near the origin.
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form, which for x € (—a,0) is

, <A11> , <A1>
Yr(z+a) =P (x) = KM, M, = "1 KM, . (21)
By By
From (17), the matrices M, and K are invertible, so that (21) implies
that
Ag
MK 'TyK — e'eT] ( ) =0 < det[Ty — "KM, 'K~ =0, (22)
By
where I is the 2 x 2 identity matrix. The cancellation of the determinant
in (22) has some important consequences. With the definitions ¢ = ag and
k = ka, equation (22) gives
~ sin k 1 2 1
cosk + Uy g(Ur) z ] , f(UL) = ;:512, g(Ur) = Tro?
(23)
and Uy and U; are as in (18). The first equation in (23) is often known
as the secular band equation and determines the dispersion relation in each
energy band k = l%n(q) It is an even function of Uj, or equivalently, of aV;
the coefficient of §’. The main interest of the dispersion relation comes from
the fact that that it provides the band spectrum of the Hamiltonian (14).
The case U; = 0, i. e., no ¢’ term is present, has been previously studied. If
U, # 0, the ¢’ term appears and the structure of the band spectrum changes
drastically and must be obtained numerically. The graphical results can be
seen in Figure 2.

cosq = f(U)

3.1. A two species Dirac 6—4’ comb

Let us now consider a Hamiltonian of the form H = Hy + Vi(z) + Va(x),
where Hy = —h?/(2m) d?/dx?, Vi(x) is as in (14) and Va(z) is given by
o0
Va(z) = Z (Wod(z —na—0b)+aWr 8 (x—na—>), a>0W,, W €R.
n=-—o0

We called this model the two species Dirac -8’ comb in comparison with
the model discussed just above in relation to the Hamiltonian with periodic
potential V;(z). The objective is again to study the band spectrum. Now, the
discussion is quite similar to the precedent one, albeit a bit more complicated,
but it is carried out under the same premises. We arrive to a band secular
equation of the form

cos(qa) = F(k;a,b, Wy, W1, Uy, Ur), (24)

where the explicit form of the function F' is rather complicated and has
been obtained in [25]. A numerical analysis gives the behaviour of the band
spectrum. There are interesting differences in the behaviour of band spectrum
as compared with this band spectrum for the one species Dirac -4’ comb.
Now the band shape is completely deformed and, for certain values of the
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FIGURE 2. Band structure for different values of Uy. From
left to right Uy = 0.1, Uy = 1, Uy = 10 and Uy = 30. In
all the cases, the band structure of the standard Dirac comb
corresponds to Uy = 0.

parameters U; and W,,, the band shape is the reverse of what is for the one
species comb. See details in [25]. This effect is particularly notorious for high
values of |U;| and |W|. In addition, there are critical values of the parameters,
typically U; = +1 and W7 = %1, for which impenetrable barriers appear.

4. Hyperspherical -4’

One of the most obvious generalizations of the Dirac §-0’ potentials is a
homogeneous d-th dimensional potential supported on a hull sphere of radius
ro. Due to the symmetry of this model, this potential would be equivalent
to a one dimensional contact potential at the point r = rg > 0 plus an
impenetrable barrier at the origin. Let us pose the problem from the very
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beginning and consider the d-th dimensional Hamiltonian of the form [21]

h? ~
H=——A;4+V 25
m da+ (X) ) ( )
with
V(x)=ad(x — o)+ b8 (x — ), z=]Ix| (26)
Here it is convenient to introduce the following dimensionless quantities:
2 2a bm mc
b = 7m02 H Wo = %, wy = ﬁ’ T = 7 |X‘ y (27)

where c is the speed of light in the vacuum. After (27), the new Hamiltonian
reads:

h=—-Ag+wed(r—rg) +2wi &' (r—ro)=—-Ag+V(r). (28)

Here, A4 is the d-dimensional Laplace operator, which expressed in
hyperspherical coordinates, (r,Qq := {01,602, ...,04—2,¢}) reads:

A LD (rdl 1 )+A5d_17 29)

T opd-1 9y rd—1 72

Aga-1 being the Laplace-Beltrami operator on functions defined on the hull
hypersphere S%~1 with dimension d — 1. This operator satisfies the identity
Aga—1 = —Li, where Ly is the generalized d-dimensional angular momentum
operator.

The eigenvalue equation for h is separable, so that there are factoriz-
able solutions of the form ¥y, (r,Qq) = Rae(r) Ye(Qq), where Ryo(r) is the
radial wave function and Y;(€) are the hyperspherical harmonics. These
are eigenfunctions of the Laplace-Beltrami operator Aga—1 with eigenvalues
x(d, ) = —€(¢ + d — 2) [32]. The radial wave function is given by

d? d71d+€(€+d72)

dr? r dr r2

where V(r) was defined in (28).
Next, we introduce the reduced radial function,

+ V(T‘) RM(T’) = )\RM(T‘) R (30)

d—1
une(r) ;=12 Rye(r). (31)
The effect of this change of indeterminate is to remove the term with
the first derivative in (30). The resulting equation is

(ho + V(1)) uxe(r) = Xpupe(r), (32)

where,
>  (d+20-3)(d+20—1)
Cdr? 472
In order to define the potential V(r) using the theory of self-adjoint
extensions of symmetric operators, we need to define a domain for hg, in
which hg be symmetric with equal deficiency indices (2, 2). Then, the domain
D(hy) is the space of functions ¢(r) € L?(RT) with the following properties:

ho =

. (33)



10 Nieto, Gadella, Mateos, Munoz and Romaniega

1. Any ¢(r) € D(ho) is in the Sobolev space W3 (R*) of absolutely con-
tinuous functions with absolutely continuous first derivative and which
second derivative is in L?(R™).

2. They vanish at the origin, ¢(0) =0

3. At the point r = rg, they satisfy the property: ¢(ro) = ¢'(ro) = 0.

The domain D(hz;) of the adjoint, hg, of hg is the space verifying some
changes in the above conditions: in Condition (1), we replace W2(R*) by
W2(R+\{ro}), which is the space satisfying the same properties, except that
its functions and their first derivatives have finite jumps at r¢ and, then, Con-
dition (3) is not fulfilled. The domain D(ho+ V(r)) that makes the operator
ho + V(r) self-adjoint is the space of all functions ¢(r) in D(hg) satisfying
the following matching conditions at rg:

erg)\ (a0 (@)
<¢’(TJ)><B a—1> (wra))’ (59

where @(r) are the right (+) and left (=) limits of ¢(r) at r = 7. Also,

1+ w; W
= ) 5=1_w%. (35)

_1—w1

These matching conditions determine the boundary conditions that
should be verified by the radial wave functions Rye(r). In fact, (31) and

(34) give:
(Rv(?"ér)) _ (% 0 > (RM(T’O_)> ) (36)
R\ (rg ) B a7l \R},(rg)
with
E:Zﬂ_(a2_21)(d_l):1fo2’ @0:M+w°' (37)
arg wy To

These matching conditions are well defined, except at the exceptional values
wy = +1. These two cases have to be treated separately, see [5,23].

4.1. Bound states

Here, we present some results concerning the existence of bound states for
the model under consideration. The eigenvalue equation for bound states is
(30) with A < 0. Then, it is convenient to use the parameter £ > 0 with
A = —k2. The general solution of (30) is

A1 Zy(kr) + By Ke(kr) if r € (0,79),
Ry(r) = (38)
As Ty(kr) 4+ Bo Ke(kr) if r € (19, 00) .

Then, Ru(r) can be written in terms of modified hyperspherical Bessel
functions of the first (I;(z)) and second (Ky(z)) kind, respectively, where,
1 1 d—2

Zy(kr) = WIZ-&-U(“V% Ke(kv) = W Koy (kv), vi= 5
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The form of the solution in terms of the functions u.e(r) defined in (31)
comes straightforwardly from (38). The square integrability condition of the
radial wave function for bound states imposes that As = 0. Furthermore,
the term multiplied by B; is not square integrable, except for zero angular
momentum in two and three dimensions. In three dimensions, the condition
te(0) = 0 implies that By = 0. There are other type of arguments that show
that in two dimensions, we also have By = 0 [33]. After these considerations,
(36) can be written as

< Ke(kro) ) a 0 (Ig(/ﬁ“o) )
B =A | _ . (39)
Kk KC)(Kkro) B8 a7t KkZL)(kro)

If we divide the identity obtained with the lower component of (39) with
that found with the first component, we get the following expression called
the secular equation:

d ~ d
—1 I 1 logZ, _ 4
adr Oglcé(md”rfm B+a dar 0g 4(“7")‘T7T0 ( O)

Solutions for k > 0 of (40) give the energies for the bound states of the
model under consideration. If we denote by yo = k79, (40) takes the form

Lygo-1(yo) | aKure—1(yo) -1 1\, 3
Pl = - (F52t ) SR U0 (0 a 1)t 204,

Observe that the right hand side is independent on the energy and the
angular momentum. This equation cannot be solved analytically. However,
it may be used to obtain some properties concerning the number of bound
states, N¢ = nfdeg(d, /), that exist for given values of d and ¢. Here n{
is the number of negative energy eigenvalues and deg(d, ¢) the degeneracy
associated with £ in d dimensions. We listed here below these results without
proofs that may be found in [33]:

1. In the d-dimensional quantum system described by the Hamiltonian
(28), the number n¢ defined above is at most one. This is, n € {0,1}.

2. The d-dimensional quantum system described by the Hamiltonian (28)
admits bound states with angular momentum ¢ if and only if

lax # Lmax, and £€{0,1,... , lmax}, fmax > —1, (41)
with
w1 — T‘()’LUQ/2 2—d
gmax = Lmax ) Lmax = ) 42
L | w41 L (42)

where | A| denotes the integer part of the real number A. In addition,
if Ay = —£7 is the energy of the bound state with angular momentum
¢, the following inequality holds:

Ao < Aeg1 <0, 0e€{0,1,...,lmax — 1}. (43)
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3. The quantum Hamiltonian (28) admits a bound state for any wy > 0,
only if d =2 and £ = 0.

5. An application to nuclear physics

The 6-4’ is an approximation that serves to obtain interesting results con-
cerning realistic models in physics. Next, we want to introduce one of these
examples coming from nuclear physics. Let us consider a model for atomic
nuclei based on a mean field potential with volume, surface and spin orbits
parts, for which the Hamiltonian is given by

H(r) = —Z V2 4 Uy(r) + Uso(r)(L - S) + Uy(r) (44)

where r = |r|, u is the reduced mass and the terms Uy(r), Uso(r) and Ugy(r)
have their origin in the Wood-Saxon potential:

1
Uo(r) = Vo f(r) := =Wy 15 e/’ (45)
Vso . Vso er—R)/a
Uso(r) = fir) = (46)

K2 T ah2 (14 e(r—R)/a)2”
‘/q 6(1“713)/a (1 _ e(rfR)/a)

Ug(r) = Ve f'(r) = —22 (14 er-R/ayp (47)

Here, Vy, Vso and V; are positive constants, R is the nuclear radius and a is
the thickness of the nuclear surface.
The kinetic term in (44) can be written in terms of the orbital angular

momentum L as

2 2 2 /32

,ivf‘:fi ii TQQ 7L/h (48)
24 2u |12 Or or r2

Then, there exist factorizable solutions for the Schrodinger equation associ-
ated to (48). This factorization is of the form,

Une; (T
u(e) = 2y, 0,0), (49)
where the angular part, satisfies the following relations:
L Vejm (0, ¢) = 1 £(L + 1) Vejm (6, 9) , (50)
and
) ] % for j =0+ 1,
(L 8S)Vejm (0, 9) = 17Ee j Vejm (0, ¢), with & ; := o . )
—== forj=~0-3.

Note that £ € NU{0}. The functions denoted as Ve;m (6, ¢) are linear combina-
tion of spherical harmonics Y™ (6, ¢), which are simultaneous eigenfunctions
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of the operators L2, 82 and J? = (L + S)2. The radial part of the three
dimensional Schrédinger equation has the form

H(r) unej(r) = Engj tne; (1), (51)
where,
2 2
1) =~ [ BB )+ Veogas 1100 +Va /). (52

Our approximation can be obtained by taking the limit a — 07 in the poten-
tial terms. This limit makes proper mathematical meaning in a distributional
sense. From this point of view, we have that (r > 0)

lim Ug(r) = Volo(r — R) 1], (53)
al_i)rgl+ Vso(r) = =Vso&jo(r — R), (54)
lim Uq(r) = =V, 9'(r = R), (55)

where 6(z) in (53) is the Heaviside step function. After this limit procedure,
we finally obtain our model, which is given by the following radial Hamilton-
ian with contact potential:

R Id wt+1)
2p

c=—

03 3 ] +Vol0(r—R)—1]—Vs0&e,;06(r—R) =V, (r—R).

(56)
The advantage of the Hamiltonian in (56) over that in (48) is that the
Schrodinger equation, Hg(r) tne;(r) = Engj unej, associated to the former
can be exactly solved for all values of £ and j. If we use, a := (2u/h*)Vso&y,j
and 3 = (2u/h%)V,, this Schrédinger equation becomes, were we omit the

subindices in u(r) for simplicity:

d*u(r) 2uE 2uVg
dr? +{ e =R =]

+ad(r—R)+ B6(r— R)— LF 1)}u(7‘) ~0.

Square integrable solutions inside the nucleus are

V2u(Vo + E)

’U,g(?") = A \/’WJZ+%(7T) ; V= T ’ S [Oa R) y (57)

and outside the nucleus,

v/ 2u|E

2" L re(Roo).  (58)
Then, we impose the condition that the above solution be in the domain
of the Hamiltonian (52). To do it, we need to find a relation between the

ug = Dy/kr Ky (kr), K=
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coefficients A, and Dy such that (57) and (58) verify the precise matching
relations at 7 = R so that (52) be self-adjoint. These relations are

2-p
u(R") 2—5 VY ug(R™)
('@ﬂ)z o 2*3<’m>> )
K -2 2:5) ¢

This gives a system of two equations, which permits to find a relation which
is independent of the coefficients A, and D, and is

_X Jors2(X) _ 2+ B)* 0 Kiyga(o) 8B(L+1) wo

Teiip()  @-BP Kpaplo) @-B2 2-b7F ¢(0),
with

x=vvI—e, o=uwe, e=11e(0,1), (61)

2uR?V, 8uVso & R
w=y Tt >0, w= R (62)

Equation (60) if often called the secular equation. It is useful in order to
obtain results concerning bound states. These results have been derived and
proven in [33]. Here, we listed some of which we consider the most interesting:

1. If for any value ¢ € Ny such that £ < £,,,,, the following inequality holds

wo > — ((B—2)% +20 (52 +4)), (63)
there exists one, and only one, energy level with relative energy
Ji Ji
€, € (1 - LR “3/575‘1) c(0,1), seN. (64)
Yo Yo

For wy € R the final number of bound states, N, = (2¢ + 1)ny, is
determined by
ne =M +mq — mao, (65)
where M is
M = min{s € Ny ‘jg+1/2’5+1 > ’Uo}7 (66)
and, using the functions ¢(x) and ¢(o) defined in (60), we obtain

{1 if ¢ (vo) > ¢(07), {1 if 0> ¢(vo),
mi = mo =
0 if (p(Uo) < ¢(O+) or vg = jg+1/27M, 0 if0< ¢(Uo).

2. The quantum system governed by the Hamiltonian (56) does not admit
bound states with angular momentum £ > £,,,5, where

Loz = max{é € I\IO ‘ j€+1/2,1 < vp Or (p(’Uo) > ¢(O+)}

If there exist sp € N and £y € Ny such that vo = jy,41/2,5, the second
condition in the previous set can not be evaluated. Nonetheless, it is
not necessary since the existence of at least one bound state for ¢; is
guaranteed.
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3. If there exist bound states with relative energies €,¢;,€(n11)¢,sEn(e+1)
for n, ¢ € Ny the following inequalities hold:

J

(a) Ent; > E(n+1)e;s (b) Ent; > En(L+1),s (C) Enlosy)a > Enly_1/a-

Notice that the second inequality only applies for j = ¢ 4 1/2.

4. There are two special cases, in which § = £2. Now, the contact potential
at r = R becomes opaque in the sense that the transmission coefficient
is equal to zero. Here, we expect the existence of bound states alone,
without resonances or scattering states. This specific problem has been
discussed in [33], where the proposed nuclear model is tested with ex-
perimental and numerical data in the double magic nuclei 32Sn and
208Ph with an additional neutron.

5.1. Resonances

Apart from bound states, we may analyze scattering states or the possibility
of the existence of resonances or even antibound states. Here, we briefly dis-
cuss the existence of resonances, which are unstable quantum states [34, 35].
Contrary to the case of bound states, wave functions (usually called Gamow
functions) for unstable quantum states are not square integrable. Moreover,
in the coordinate representation, they show an asymptotically exponential
grow at the infinity. In our case, this have the following consequence: Al-
though for consistency reasons, we should keep the expression (57) for the
wave function inside the nucleus (r < R), we should use the complete solution
for the Schrodinger equation outside the nucleus, i.e., in the region r > R.
This is
we(r) = v/kr <Cg Héi)l(m’) + Dy Hzgi);(/{r)) . K= QTNE , E>0,
2 2

(67)
where H®(kr) are the Hinkel functions of first (1) and second (2) kind,
respectively, and C, and D, are coefficients depending solely on «. In the
search for resonances, the knowledge of the asymptotic forms of the Hankel
functions for large values of r is essential. These are:
Y (1) ~ 2 itk (4 1)/2) H®, (nr) ~ 2 it 1)m/2)

o+3 TRT ’ 3 TRT
(68)

These asymptotic forms show that Héi) (kr) is an outgoing wave function

1

2
while Hﬁ); (k1) is an incoming wave function. Resonances are determined by
the often cglled purely outgoing boundary conditions, which assumes that only
the outgoing wave function survives. This implies that Dy(x) = 0, and this is
a transcendental equation for which the solutions coincide with the resonance
poles of the S-matrix [35]. The determination of D, comes after the use of
the matching conditions (59) and the expression (57) for the wave function
inside the nucleus, where without lack of generality we may choose A, = 1.

This gives Dy(xk) = 0. The latter is a complicated transcendental equation,
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which depends on Hénkel and Bessel functions with different indices, see [33].
The solutions of this equation should be classified in three categories:

1. Simple solutions on the positive imaginary axis correspond to bound
states.

2. Simple solutions on the negative imaginary axis correspond to virtual
states also called antibound states

3. Pairs of solutions on the lower half plane, symmetrically located with
respect to the imaginary axis that correspond to resonances. Both mem-
bers of each pair determine the same resonance and must have the same
multiplicity. Usually, this multiplicity is one, although models with res-
onance poles with multiplicity two have been constructed [36,37].

.
il

15 10 -5 o 5
k1

FIGURE 3. Resonance poles are located at the intersection

of curves below the real axis. here, £ = 0, vg = 5, wg = 10

and 8 = 1.

5.0r

e
!

-5.0r

5

This model shows resonance poles. Due to the complexity of the relation
Dy(k) = 0 these resonances can only be obtained numerically in most of
cases. It is important to remark that the imaginary part of the resonance
poles is always negative. This implies that the asymptotic form on r of the
first expression in (68) is exponentially growing, as previously noted.

General arguments [38] show that the number of resonance poles should
be infinite. In order to give an idea on how these poles look like, we show
a few in Figure 3. Resonance poles lie at the intersection of two curves.
Here, we have chosen the following values of the parameters: £ = 0, vg = 5,
wo = 10 and B = 1. Observe that resonance poles are rather close to the real
axis, so that their imaginary part is rather small. Since the mean life of an
unstable quantum state is related with the inverse of the imaginary part of
its resonance pole, this means that the unstable states corresponding to the
poles shown in Figure 2 are rather stable. Some other cases with £ = 1,2, 3,4
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have been also considered and we have seen a similar pattern for resonance
poles [33]. Exact analytical results were also obtained.

5.2. A comment on the self-adjointness of the Hamiltonian (56)
Take the Hamiltonian H,.(r) in (56) and fix for simplicity h?/2u = 1, which
shall not alter our results. Then, write H.(r) = H, + V (r), with

2 (e +1
H, = e ( 7:’2_ )+Vo[9(rfR)fl], V(r) = ad(r—R)+bd (r—R). (69)
We study the cases £ = 0 and ¢ # 0 separately. Let us discuss ¢ = 0, first. To
begin with, take H, := —d?/dr? with domain, D,, the subspace of functions

f(r) € L?[0,00) such that: 1.- f(r) is absolutely continuous with absolutely
continuous first derivative; 2.- The second derivative f”(r) € L?[0,00) is
square integrable; 3.- For all functions f(r) in this domain, either f(0) +
¢f'(0) = 0 for some fixed real number ¢ or f'(0) = 0. Each of these choices
gives a self-adjoint determination of H,.

Next, define the subdomain D.(H,.) of all f(r) € D, such that f(R) =
f/(R) = 0. Choosing D.(H,) as domain of H,, we conclude that H, is sym-
metric (Hermitian) with deficiency indices (2,2). When H, is define on this
domain, then the domain of the adjoint of H,., D.(H}), is the space of func-
tions f(r) fulfilling conditions 1 and 2 above with one modification: they and
their first derivatives have arbitrary although finite jumps at r = R. Self-
adjoint extensions of H,. are given by imposing the functions f(r) € D.(H})
the matching conditions (59) at » = R. The exceptional cases § = +£2
also give respective self-adjoint extensions. These extensions determine self-
adjoint operators of the form —d?/dr? + ad(r — R) + bd'(r — R). Since the
term Vy[f(r — R) — 1) is bounded, adding it does not change anything.

Let us consider now the case ¢ # 0. In this case, we do not need to
establish boundary conditions at the origin of the type f(0) = ¢f’(0), since
the Hamiltonian Hy in (69) with ¢ # 0 is already essentially self-adjoint
when its domain is the Schwartz space of functions supported on Rt =
[0,00), S(RT), for which we always have that f(0) = f/(0) = 0. In this case
—d?/dr? +€(£+1)/r? is essentially self-adjoint on the mentioned domain [39]
and the same condition for H, comes trivially, since V5[0(r—R)—1 is bounded.

Then for any ¢ # 0, let us define a domain Dy of functions f(r) €
L?(R*) fulfilling the following conditions:

1. - f(r) and f'(r) are absolutely continuous;

2. - The function —f”(r) = [(¢(¢ + 1)/r2] f(r) belongs to L?(R*);

3. - f(0)=0;

1 - F(R) = f'(R) = 0.
The conclusion is that H, on Dy is symmetric with deficiency indices (2, 2).

In order to add to Hy the perturbation V(r) = ad(r— R)+bd'(r— R), we

define the domain of the adjoint of H, on Dy as the subspace of L?(R™) sat-
isfying the above conditions 1, 2 and 3 and replacing 4 by: 4’.- f(r) and f'(r)
have finite discontinuities at » = R. Then, imposing the matching conditions
(59) to these functions, we obtain the domain in which H.(r) = H,+ V(r) is
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self-adjoint for any value of a and b. For £ # 0, the subindex c is irrelevant.
This completes our discussion on the self-adjoint of the Hamiltonian.

6. Concluding remarks

Contact potentials are quite interesting in quantum mechanics because they
provide of simple models to analyze the behaviour of quantum systems.
Along this presentation, we were concerned with perturbations of the type
ad(x — xo) + bd'(x — xg) either in one dimension or in arbitrary dimensions
with spherical symmetry, so that the model could be projected to a one di-
mensional one. This is what we call -8’ interactions.

In the first place, we have introduced a very simple one-dimensional
model with a unique §-4’ interaction on the free Hamiltonian. This interac-
tion can be easily studied and serves as a basis for more complicated models.
The contact interaction can be mathematically well defined using the theory
of self-adjoint extensions of symmetric operators with equal deficiency in-
dices. The possible existence of a bound state is investigated and scattering
coefficients are determined.

This is used for the construction of a sort of Kronig-Pennery model in
which rectangular barriers are replaced by -0’ interactions with identical
coefficients, so that the resulting potential is periodic. The behaviour of the
energy bands can be studied in terms of the variations of the coefficients of
the delta and the delta prime. We have also considered an hybrid potential
with two types of §-0’ interactions. The study of the energy bands requires
powerful numerical estimations and the use of the software Mathematica. A
detailed description of this model, which could be interesting in Condensed
Matter, can be just briefly summarized in this short review and has been
published in [25].

Spherically symmetric models in quantum mechanics are often stud-
ied as one dimensional models with an infinite barrier at the origin, after
separation of radial and angular variables. This is also the case of the §-¢’
interactions supported on hull spheres of arbitrary dimensions. Here, we have
determined matching conditions that make the Hamiltonian with this type of
interaction self-adjoint and have obtained some results concerning the num-
ber of bound states. These results depend on the dimension as well as the
angular momentum.

Finally, we have used one type of -4’ interaction as an approximation
of a mean field potential of wide use in nuclear physics. The objective is
double. In one side, we have obtained results concerning the existence and
number of bound states in the considered model in terms of the given param-
eters. For two exceptional cases, the model shows no transmission through
the §-¢’ barrier, so that the number of bound states is infinite. Otherwise this
number is finite. Outside the exceptional cases, the model shows resonances
that are manifested as pairs of poles of the analytic continuation to the com-
plex plane of the S-matrix, S(k), in the momentum representation. These
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resonance poles can be obtained numerically as solutions of a transcendental
equation. There is an infinite in number, so that in Figure 2, we have depicted
some resonance poles with the lowest real part. We have also discussed the
construction of a self-adjoint Hamiltonian for such purpose.

Acknowledgment

We acknowledge partial financial support to Ministerio de Economia y Com-
petitividad of Spain under Grant No. MTM2014-57129-C2-1-P and the Junta
de Castilla y Leén and FEDER (Project Nos. VA057U16, VA137G18, and
BU229P18).

References

[1] S. Albeverio, F. Gesztesy, R. Hoegh-Krohn, and H. Holden, Solvable models
in quantum mechanics, second ed., AMS Chelsea Publishing, Providence, RI,
2005.

[2] S. Albeverio and P. Kurasov, Singular perturbations of differential operators,
London Mathematical Society Lecture Note Series, vol. 271, Cambridge Uni-
versity Press, Cambridge, 2000, Solvable Schrodinger type operators.

[3] M. Belloni and R. W. Robinett, The infinite well and Dirac delta function
potentials as pedagogical, mathematical and physical models in quantum me-
chanics, Phys. Rep. 540 (2014), 25-122.

[4] Yu. N Demkov and V. N. Ostrovskii, Zero-Range Potentials and Their Appli-
cations in Atomic Physics, Plenum Press, 1988.

[5] P. Kurasov, Distribution theory for discontinuous test functions and differential
operators with generalized coefficients, J. Math. Anal. Appl. 201 (1996), 297-
323.

[6] S. Albeverio, L. Dabrowski, and P. Kurasov, Symmetries of Schrddinger oper-
ators with point interactions, Lett. Math. Phys. 45 (1998), 33-47.

[7] M. Gadella, J. Negro, and L. M. Nieto, Bound states and scattering coefficients
of the —ad(z) + bd'(z) potential, Phys. Lett. A 373 (2009), 1310-1313.

[8] J.J. Alvarez, M. Gadella, F.J.H. Heras, and L.M. Nieto, A one-dimensional
model of resonances with a delta barrier and mass jump, Phys. Lett. A 373
(2009), 4022-4027.

[9] J. J. Alvarez, M. Gadella, L. P. Lara, and F. H. Maldonado-Villamizar, Unsta-
ble quantum oscillator with point interactions: maverick resonances, antibound
states and other surprises, Phys. Lett. A 377 (2013), 2510-2519.

[10] M. Asorey, A. P. Balachandran, and J. M. Pérez-Pardo, Edge states: Topological
insulators, superconductors and qcd chiral bags, JHEP 2013 (2013), 73.

[11] M. Z. Hasan and C. L. Kane, Colloquium: topological insulators, Rev. Mod.
Phys. 82 (2010), 3045.

[12] V. L. Kulinskii and D. Yu. Panchenko, Mass-jump and mass-bump boundary
conditions for singular self-adjoint extensions of the Schrédinger operator in
one dimension, Ann. Phys.404 (2019), 47-56.

[13] M. Gadella, F. J. H. Heras, J. Negro, and L. M. Nieto, A delta well with a
mass jump, J. Phys. A: Math. Theor. 42 (2009), 465207, 11.



20 Nieto, Gadella, Mateos, Munoz and Romaniega

[14] J. M. Munoz-Castaneda and M. Bordag, Quantum fields bounded by one-
dimensional crystal plates, J. Phys. A: Math. Theor. 44 (2011), 415401, 16.

[15] M. Gadella, M. L. Glasser, and L. M. Nieto, One dimensional models with a
singular potential of the type —ad(x) + B6'(x), Int. J. Theor. Phys. 50 (2011),
2144-2152.

[16] M. Gadella, M. L. Glasser, and L. M. Nieto, The infinite square well with a
singular perturbation, Int. J. Theor. Phys. 50 (2011), 2191-2200.

[17] S. Fassari, M. Gadella, M. L. Glasser, and L. M. Nieto, Spectroscopy of a
one-dimensional V-shaped quantum well with a point impurity, Ann. Phys. 389
(2018), 48-62.

. Golovaty, Schrodinger operators with singular rank-two perturbations an
18] Y. Gol Schrédi t ith singul k-t turbati d
point interactions, Integral Equations Operator Theory 90 (2018), 24.

[19] A. V. Zolotaryuk, A phenomenon of splitting resonant-tunneling one-point in-
teractions, Ann. Phys. 396 (2018), 479-494.

[20] M. Asorey and J. M. Munoz Castaneda, Attractive and repulsive Casimir vac-
uum energy with general boundary conditions, Nucl. Phys. B 874 (2013), 852-
876.

[21] J. M. Munoz Castaneda, J. Mateos Guilarte, and A. Moreno Mosquera,
Quantum vacuum energies and Casimir forces between partially transparent
d-function plates, Phys. Rev. D 87 (2013), 105020.

[22] M. Donaire, J. M. Munoz Castanieda, L. M. Nieto, and M. Tello-Fraile, Field
fluctuations and Casimir energy of 1d-fermions, Symmetry 11 (2019).

[23] M. Gadella, J. Mateos-Guilarte, J. M. Muifioz Castaneda, and L. M. Nieto,
Two-point one-dimensional §-0" interactions: non-abelian addition law and de-
coupling limit, J. Phys. A: Math. Theor. 49 (2016), 015204.

[24] V. Caudrelier and N. Crampé, Fzact energy spectrum for models with equally
spaced point potentials, Nucl. Phys. B 738 (2006), 351-367.

[25] M. Gadella, J. M. Mateos Guilarte, J. M. Munoz-Castafieda, L. M. Nie-
to, and L. Santamaria-Sanz, Band spectra of periodic hybrid §-8' structures.
arXiv:1909.08603 [math-ph].

[26] J. M. Muiioz Castafieda, L. M. Nieto, and C. Romaniega, Hyperspherical §-8'
potentials, Ann. Phys. 400 (2019), 246-261.

[27] F. Erman, M.1 Gadella, and H. Uncu, One-dimensional semirelativistic Hamil-
tonian with multiple Dirac delta potentials, Phys. Rev. D 95 (2017), 045004,
30.

[28] M. Asorey, A. Ibort, and G. Marmo, Global theory of quantum boundary con-
ditions and topology change, Int. J. Mod. Phys. A 20 (2005), 1001-1025.

[29] K. Symanzik, Schrodinger representation and Casimir effect in renormalizable
quantum field theory, Nucl. Phys. B 190 (1981), FS 3, 1-44.

[30] H. B. G. Casimir, On the Attraction Between Two Perfectly Conducting Plates,
Indag. Math. 10 (1948), 261-263, [Kon. Ned. Akad. Wetensch. Proc.100N3-
4,61(1997)].

[31] J. M. Muioz Castafieda and J. Mateos Guilarte, 5—8" generalized Robin bound-
ary conditions and quantum vacuum fluctuations, Phys. Rev. D 91 (2015),
025028.



Contact or point supported potentials 21

[32] K Kirsten, Spectral functions in mathematics and physics, Chapman &
Hall/CRC, 2001.

[33] M. Gadella, R.M. Id Betédn, L.M. Nieto, and C. Romaniega, The spec-
tral problem of a mean-field nuclear model based on a contact interaction.
arXiv:1911.10050 [nucl-th].

[34] A. Bohm, Quantum mechanics: foundations and applications, third ed., Texts
and Monographs in Physics, Springer-Verlag, New York, 2001.

[35] A. Bohm, F. Erman, and H. Uncu, Resonance phenomena and time asymmetric
quantum mechanics, Turk. J. Phys. 35 (2011), 209-240.

[36] A. Mondragén and E. Herndndez, Degeneracy and crossing of resonance energy
surfaces, J. Phys. A: Math. Gen. 26 (1993), 5595-5611.

[37] 1. E. Antoniou, M. Gadella, and G. P. Pronko, Gamow vectors for degenerate
scattering resonances, J. Math. Phys. 39 (1998), 2459-2475.

[38] H. M. Nussenzveig, Causality and dispersion relations, Academic Press, New
York-London, 1972, Mathematics in Science and Engineering, Vol. 95.

[39] W. O. Amrein, J. M. Jauch, and K. B. Sinha, Scattering theory in quan-
tum mechanics, W. A. Benjamin, Inc., Reading, Mass.-London-Amsterdam,
1977, Physical principles and mathematical methods, Lecture Notes and Sup-
plements in Physics, No. 16.

L.M. Nieto

Departamento de Fisica Tedrica, Atémica y Optica

Universidad de Valladolid, Paseo Belén 7, 47011 Valladolid, Spain
e-mail: luismiguel.nieto.calzada®@uva.es

M. Gadella

Departamento de Fisica Tedrica, Atémica y Optica

Universidad de Valladolid, Paseo Belén 7, 47011 Valladolid, Spain
e-mail: manuelgadellal@gmail.com

J. Mateos-Guilarte

Departamento de Fisica Fundamental
Universidad de Salamanca, Spain
e-mail: guilarte@usal.es

J.M. Muifioz-Castaneda

Departamento de Fisica Tedrica, Atémica y Optica

Universidad de Valladolid, Paseo Belén 7, 47011 Valladolid, Spain
e-mail: jose.munoz.castaneda®uva.es

C. Romaniega

Departamento de Fisica Tedrica, Atémica y Optica

Universidad de Valladolid, Paseo Belén 7, 47011 Valladolid, Spain
e-mail: cesar.romaniega@uva.es



