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Abstract

Admissible vectors for unitary representations of locally compact groups
are the basis for group-frame and coherent state expansions. This work
studies the existence and characterization of admissible vectors. Convolu-
tion Hilbert algebras, positive functions, square-integrable representations
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1 Introduction

Let G be a locally compact (lc for brevity) group and let = be a unitary rep-
resentation of G on a Hilbert space H,. This work studies the existence and
description of admissible vectors for {m, H,}, i.e., vectors € H, such that
the operator

Ly:He = LX(G),  [Ly¥](z) = (|n(2)n),

is a bounded map and L; L, = I3, where I3, denotes the identity operator
on H.. Admissible vectors lead to (weak) resolutions of the identity in terms of
the orbit 7(G)n C Hx:

I, = /G (@) ()]

*In memoriam.
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where dz is a fixed left Haar measure for G (see Proposition[2 below). Relations
of this type are known as coherent state expansions and the admissible vector
71 as fiducial vector in mathematical physics; see e.g. [1] and references therein.
The orbit 7(G)n may also be interpreted as a tight frame for H,, a useful
concept in harmonic analysis [2].

Admissible vectors have been explicitly discussed for irreducible representa-
tions [3], groups of type I [, 5], unimodular separable groups [6] and countable
discrete groups [7]. On the other hand, the notion of admissible vector is closely
related to the subjects of positive functions and square-integrable repre-
sentations of both groups and Hilbert algebras, and there is a huge amount
of literature on these topics of interest here; see e.g. [8, 9] 10, 1T}, 12} 13| 14}
15l [16, I7]. We shall comment the connections with these works all along the
exposition.

Next we describe the organization and main results of the work.

Section [2] begins by introducing basic concepts and notation on lc groups
G and their unitary representations. In particular, the left and right reqular
representations, A and p, of G on L?(G) are defined, respectively, in (@3] and (@).
Among other things, in Proposition 2] we recall a well-known result:

n is an admissible vector for {m,H,} if and only if the range L, Hr
of Ly, is a closed invariant subspace of L*(G) for the left reqular rep-
resentation A of G, m is equivalent to the subrepresentation \r 4,
and Lyn is an admissible vector for A\p, 4. -

In what follows, given an admissible vector 7 for {m, H.}, we shall write
gy = Lyn, H,:=L,Hx.

Section [3] translates the concept of admissible vector to the context of the
convolution Hilbert algebras associated to a lc group G [15, [I8]. In some sense,
the theory of Hilbert algebras is the non-commutative version of the algebra of
all bounded square integrable functions on a measure space. Starting with the
modular Hilbert algebra C.(G) of continuous functions with compact support,
one can build the full right and left convolution Hilbert algebras U’ and
U", given in ([[dl) and [IH). Convolution products on the right f — f * g extend
to bounded operators m,(g) on L?(G) for elements g of U’ and, in a similar way,
convolution products on the left f — g * f extend to bounded operators m;(g)
on L?(G) for elements g of U”, i.e.,

7TT(Q)f = f*gv g € ula f € LQ(G)v

m(g)fi=gxf, geU”, feL*Q).

U' and U" generate right and left von Neumann algebras, R and L, as follows:
Re ={m-(9):geU'} ={p(x):z € G},

Lo :={m(g):g€U"} = {Nx):z € G},



(double commutant). One has L, = Rg. Main ingredients in the theory of
Hilbert algebras are the involution operators f — f*and f — f* with respective
domains D and D°, defined by (@) and (I0), the modular operator A, given
by ([I6), and the modular conjugation J, defined in (7).

Theorems [0 and [[5] characterize admissible vectors in the following terms:

The following assertions are equivalent:

(i) n is an admissible vector for {m, Hr}.
(ii) gy € U" and m.(g9y) = Py, -
(iii) Jgy € U" and m(Jgy) = Pra, .

In such case, H, and JH, are reproducing kernel Hilbert spaces [19] with re-
spective kernels

ky(,y) = gy(z71y),  ky(z,y) := 85" (2)Tgy(yz™),
Pyn € Rg and PJHT, € Lg.

Section M connects the above results with the classical theory of positive
functions and square-integrable representations. Recall that an element e € U’
is called a right self-adjoint idempotent if e = ¢* = 2. Denote by £’ the
set of nonzero right self-adjoint idempotents of U’. &’ is a subset of P’, the
convex cone of right positive elements of L?(G) or, in classical terms, the set of
functions in L2(G) of positive type. By Theorem 20,

n is an admissible vector for {m,H.} if and only if g, € £ and
T (gn) = Pr,,-
In Theorem [24] we prove:

The following assertions are equivalent:

(i) {m, Hr} has an admissible vector.

(i) {m,Hx} is equivalent to a subrepresentation of X, {\,, Ho},
with a cyclic vector g € U' such that 0 does not belong to
the spectrum o(|m.(g)|) of |mr(g)| or 0 is an isolated point of

a(lmr(9)])-

In such case, {m,H} is square-integrable and m,(g)|m.(g)|~2¢" is an
admissible vector for {\jp,, Ho}-

Corollary 28 says:
The following assertions are equivalent:

(i) {m, "} is irreducible and has an admissible vector.

(ii) {7, Hy} is equivalent to an irreducible subrepresentation of A,

{N3o. Ho}, such that Ho N'D® # (.



In such case, Ho NE = {e} and e is an admissible vector for

{Aros Mo}

Some results due to Perdrizet [12] and Phillips [I3] are included to complete the
picture.

Section Bl explores standard forms |20} [18] for the study of admissible vectors
7 in order to avoid the duality between H,, and JH, and to give a description
in terms of weights. As Takesaki [I8] comments, “weights give a simultaneous
generalization of positive linear functionals and traces, which corresponds to
infinite measures in the commutative case”. Taking into account the modular
conjugation J defined in (I7) and the self-dual closed convex cone 8 of L?(G)
given by

P = (A7),

where the bar means closure, the quadruple {Eg, L*(@G), J,‘ﬁ} is a standard
form of the von Neumann algebra L. Every element of L?(G) is represented as
a linear combination of four vectors of B and to each positive linear functional
w in the predual [Lg]« there corresponds a unique g € P with w = wy, i.e.,

w(A) = w,y(4) := (Aglg), AeLc.

The Plancherel weight ¢; on L is given in (23)).
Now, let 1 be an admissible vector for {m,Hr}. By Lemma 29 we can
consider the closed subspace H,, of L?(G) defined by

Hy = (LaA™Vgy) = (ReA™Vgy)

where () means span{-}. Let ﬁn and 7@77 denote, respectively, the reduced von
Neumann algebras of Lo and Rg to H, (see footnote Bl and (23)). Let us
consider the associated weight @, on ﬁn given by

Gp(A) = wa-1/1g (A) = (AT A V0g) A€ Ly,
In Theorem [B0l and Proposition B3] we prove the following facts:

(a) P,’:[n belongs to the center Lo N Ra.

(b) [Ly) =Ry,

(¢c) A=Y4g, is a cyclic and separating vector of 7:[77 for ﬁn'

(d) [mr (A gy)l i, = 1, -

(e) If jn = J\";ln and ‘ﬁn =N 7:[,,, then {ﬁn,ﬁn,jn,‘ﬁn} s a
standard form of the von Neumann algebra L,.

(f) The modular operator An on 7:[77 associated to W, satisfies

Ay A@)AVig,] = pa)A~ Vg, zeG.



The modular automorphism groups {o;" };+cr and {Uf "}ier corresponding
to the weights ¢; and @, are of the form

of'(A) = ATAATY A€ Lg,
o (A) == AlPAAS" Ael,.
As Theorem [34] shows, they are related by the so-called cocycle derivative of

Wy relative to ¢y, a one parameter family {U;} of partial isometries belonging
to L with initial and final space H,, in this case:

(a) USth:USO'fZ(Ut), S,tER.
(b) UtU::U:Ut:P}zn,tER.
(c) 0"(A) = Uyt (AU, A€ Ly, t €R.

Finally, Theorem Bilincludes a sort of orthogonality relations in this context.
Some additional remarks in Section [6] close the work.

2 Preliminaries. Admissible vectors

Let G be a locally compact group (lc group for brevity). The identity of G will
be denoted by e and elements of G by x,y, ... From now on we consider a fixed
left Haar measure dz on G (left Haar measures on G are proportional), that
is, a Radon measure on G such that

dzy) =dy, z€G.

In what follows dg : G — RT = (0, 00) shall denote the modular function, a
continuous homomorphism from G to the multiplicative group R,

da(x) >0, dale) =1, dalry) =da(x)da(y),

independent of the choice of dxr and satisfying the following relations:

d(yz) = éc(x) dy, (1)
dly™") =éc(y ) dy. (2)

The group G is called unimodular if ¢ = 1. In particular, abelian, discrete and
compact groups are unimodular. See e.g. [21, Chapter 2] for details.
As usual,

C(@), Co(@), C.(G)

denote, respectively, the spaces of continuous, continuous vanishing at infinity
and continuous with compact support, complex-valued functions on G. For
1 < p < oo, for the LP-spaces associated to the measure dx on G we will write
LP(G) : LP(G,dx) and for the scalar product in L?(G),

(flg) = /G f@)g@)dz, f.g€ LX),



where overline denotes complex-conjugate.

By a (continuous) unitary representation of G we mean a homomor-
phism 7 from G into the group U(H,) of unitary operators on some nonzero
Hilbert space H, that is continuous with respect to the strong (weak) operator

topology. The most basic examples are the left reqular representation A of G on
L?(G) defined by

M) fl(y) = fla™ly), z€G, fel*q), (3)
and the right regular representation p of G on L*(G) given by
@) f1(v) = 0g*@)f (yz). = €C, | € L*(G). (4)

If 71 and 7o are unitary representations of G, an intertwining operator for
m and 7y is a bounded linear map 1" : H,, — Hr, such that

Tmi(z) = me(x)T, x€G.

The set of all such operators is denoted by C(m1,72). We shall write C(n) for
C(m,m); it is called the commutant or centralizer of m. C(w) is a von Neumann
algebra.

Two unitary representations 71 and my of G are said (unitarily) equivalent
if there exists a unitary operator U € C(mq, m2).

A closed subspace M C H, is called an invariant subspace for the unitary
representation w of G if 1M C M. A closed subspace M is invariant under 7 if
and only if the orthogonal projection Py from H, onto M belongs to C(w). In
such case, the restriction of m to M defines a representation of G on M called
a subrepresentation of m and denoted by mjp;. If M is invariant under 7, then
so is the orthogonal complement M+ and 7 is the direct sum of mv and T
If 7 admits an invariant subspace that is nontrivial (i.e., different from {0} and
H,), then 7 is called reducible, otherwise 7 is irreducible.

In what follows, for any subset R of a Hilbert space H,

(R)

denotes the closed subspace of H spanned by R.

Clearly, given f € H,, the closed linear span (7(G)f) of {n(x)f : = €
G} is invariant under 7. (7(G)f) is called the cyclic subspace generated by
fo U (n(G)f) = Hy, [ is called a cyclic vector for w. 7 is called a cyclic
representation if it has a cyclic vector. Every unitary representation is a direct
sum of cyclic representations. See e.g. |21 Chapter 3] for details.

Definition 1 Let G be a lc group and let m be a unitary representation of G
on a Hilbert space Hr (we will write {m,Hr} for brevity). A vector n € Hn is
called an admissible vector for {m, H.} if the operator

Ly:He — L*(G), [Lo¥l(z) = @ln(2)n)

is a bounded map and L} L, = I3, where I, denotes the identity operator on
Hr.



The following facts are well-known.

Proposition 2 Let G be a lc group and let {m, H,} be a unitary representation
of G. The following are equivalent:

(i) n is an admissible vector for {m, H}.
(ii) L., is an isometry from Hy into L*(G).

(i) For every 1, ¢ € Hy,
/G (b)) (w(@)nld) dz = (1) (5)

(iv) The range LyH of L, is a closed invariant subspace of L*(G) for the
left regular representation X of G, 7 is equivalent to the subrepresentation
AL,H, and Lyn is an admissible vector for N, 3, -

Proof: Since the conditions (1) Ly L, = Iz, (2) (L;Ly|¢) = (¢, ¢) for all
0,6 € Mo, (3) (LLypl) = (1,0) for all v € Hy, (4) | Ly|P = |92 for all
¢ € H, are mutually equivalent (the equivalence between (2) and (3) follows
by polarization), 7 is admissible if and only if L, is an isometry. In such case,
the range L,H, of Ly, is a closed subspace of Lo(G) and L,L; = Pr, ., the
orthogonal projection onto L, #H,. Condition (2) above is just (iii).

Now, by the definition of L,, for ¢ € H, and z,y € G,

A@)Ly¥l(y) = [Lyy](z~'y) = (lr(z" y)n) =
(m(@)lm(y)n) = [Lym(z)Y](y) ,

so that
XNa)Ly, = Lym(z), z€G. (6)

Taking adjoints,
LiXz) =n(z)L,, z€G.
Thus,
PLT,’HWA(CC) = /\(I)PLana reG.

This means that the range L, H is a closed invariant subspace of the left regular
representation A and, moreover, since L, : Hr — L, H, is unitary, one has the
equivalence between (i) and (iv). O

Corollary 3 An admissible vector n is a cyclic vector for {m, H}.

Proof: Suppose that 7 is not a cyclic vector. Then, there exists 0 # ¢ €
(m(G)n)*, so that (¢|m(x)n) =0 for all z € G and (B) cannot be satisfied. [



Remark 4 (a) Equation (B) also leads to an expression for L; (the “partial

3

inverse” of L,): since every f € L,H, C L*(G) is of the form f(z) =
(|7 (z)n) for some ¢ € H,

L:;(f) _ /Gf(:v) m(z)nde, if f e LyHnx,
0, if fe(LyHa)",

where the integral must be interpreted in weak sense.

From (@) with ¢ =9 =1,
2
= d .
[I7[]2. /GI(nIW(:v)n)I x

In particular, [, |(n|m(2)n)* dz < oo. This is the original condition in the
definition of an admissible vector given by Grossmann, Morlet and Paul in
[3]. Moreover, the crucial constants ¢, leading to the Duflo-Moore operator
C in [3, Th.3.1], are here

1
by = / (i) dx = 1.
e Jo

Rieffel [11, Th.4.6] proves that a unitary representation {m, H,} of G with
a cyclic vector n such that (n|m(z)n) € L?(G) is a subrepresentation of the
left regular representation A.

Duflo and Moore [22, Th.2] show that, if {m,H,} is an irreducible unitary
representation of G, then 7 is equivalent to a subrepresentation of the left
regular representation A if and only if it has a nonzero square integrable
coefficient, i.e., there exist ¢,% € H, such that (¢|m(z)y) € L*(G).

Convolution Hilbert algebras

In this section we translate the concept of admissible vector to the context of
the convolution Hilbert algebras associated to the lc group G. The terminology
and (partially) the notation are borrowed from Takesaki [18].

Definition 5 An involutive algebra U over C with involution f € U — f* €U
(resp. f — f°) is called a left (resp. right) Hilbert algebra if U admits an
inner product satisfying the following postulates:

a) Each fixed f € U gives rise to a bounded operator

b)

m(f):geU— fgel, (resp. m(f):geU—gfeU)
by multiplying from the left (resp. right);
(fglh) = (glf*h) (resp. ((fglh) = (fIhg’));



¢) The involution f € U — f* €U (resp. f s f°) is preclosed;

d) The subalgebra, denoted U?, spanned linearly by all possible products fg,
f,9 €U, is dense in U with respect to the inner product.

If the involution of a left Hilbert algebra U is an isometry, then it is also a right
Hilbert algebra. In this case, we say that U is a (unimodular) Hilbert algebra
and the involution of U is denoted by f e U — f* € U.

If G is a lc group, the space C.(G) with the convolution product f * g and
involution f — f* (resp. f — f?) is a left Hilbert algebra (resp. right Hilbert
algebra) for the usual inner product (-|-) of L?(G), where

[fal(x) = [f * gl(z /f gy 'z)dy, weG,
fﬁ(w) - fEh), zed,
fox) = f(:v D, zed.

The von Neumann algebra generated by {m(f) : f € C.(G)} coincides with
that one generated by {A(z) : x € G}. It is called the left von Neumann
algebra of G and denoted by Lg, i.e.,

Lo :={m(f): f € Cc(G)}" ={\z) : 2 € G}" (7)
(double commutant). In a similar way, the von Neumann algebra
R = {m(g) : g € Ce(G)}" = {p(x) : 2 € G}” (8)
is called the right von Neumann algebra of G. One has
.

See e.g. [18, VIL.3.1].
The involutions f ~ f* and f ~ f” can be extended to the following
domains of definition:

Dt = {f € L}(G fgéc 2)||f (@) dx < oo},

(9)
D= {f e L*G): [, 05" (@)|f(@)|? dz < oo}

The corresponding extensions are closed densely defined operators on L?(G)
and bijective involutions on their own domains [I8 VI.1.5]. It is usual to denote
these extensions by S and F, i.e.,

S:D S DEfs ff, FiD D g g, (10)

One has S = S~ on Df and F = F~! on D".
First of all we explicit an elementary relation which is the basis of the main
results in this section.



Lemma 6 For f,g € L*(G),

(fI\@)g) = f*g’ (), z€G@,
g belonging to D° or not.

Proof: For x € G, one has
() = [ rmE =

= /Gf(y)gi(ylx)dy—f*grbz(x)-

O

Let us come back to the context of Definition Il In what follows, for an
admissible vector n for {m, H,} we will write

gy = Lyn, Hy:=L,Hx. (11)

The following result is written in terms of the involution F' and the convolution
product.

Proposition 7 Let ) be an admissible vector for {m,H.}. Then:
(i) H, C C(G) N L3(G).
(ii) Let f € L*(G). Then, f € H, if and only if
f@)=fxgy(x), z€G.
IffeH,#, thenf*gf,:o.

(i) gn = gn * g = 95

Proof: (i) Each f € H,, C L*(G) is of the form f(z) = L,y = (¢|n(x)n),
x € G, for some ¢ € H,. Since the representation r is strong (weak) continuous,
H, C C(G)

(ii) Let f € H,. Using the intertwining relation (@) and Lemma [0l one gets,
for z € G,

f(@) = (@lr(@)n) = (L Lym(2)n) =
(L| Lym(x)n) = (L[ \(z)Lyn) = (12)

= (fIA(2)gy) = [ * gy ().
If fe H#, since H,, = (A(x)gy, : « € G), again by Lemma [6]

f *92(1) = (fIMx)gy) =0, z€G.

10



Thus, for f € L*(G) with f ¢ H,,

f#gn(@) = (fIN@)gy) = (Pu, fIN@)gy) = P, f(2)

and the last expression must be different from f(z) for some z € G, since

Py, f#f.

(ili) The first equality in (iii) is just (ii) with f = g,; the second equality

follows from

x g0 (1) = > (y =
f g (@) /G g (v ) dy
= /f(y)gn(w‘ly)dyz
G
= / f(zy)gn(y) dy = (13)
G
/ Pl Tz D)g,(y) dy =
G

= gyx Pa7Y) = [gg* ' (2)

with f = g,. O

Remark 8 (a) Proposition [7l(iii) proves implicitly that g, € D°. Although

(b)

we use the symbol g% in (ii), it is not assumed there, neither in ([I3)), that
Db
gn € L.

By Proposition [ (iii),
g, € P(G)NL3(G) C A(G),

where P(G) denotes the set of all continuous functions of positive type on
G (see e.g. Godement [§]), and A(G) is the usual Fourier algebra of G
introduced by Eymard [23]. Recall that A(G) is identified with the predual
[La]s of Lo [23] Th.3.10]. Se also [I8, Section VII.3] and [24, Chapter 3].

Proposition [7] implies that g, is a convolution square root of the matrix
element (n|m(z)n), the characteristic function of the cyclic representation
{7, H~}. The existence of a square-integrable root of positive type for a con-
tinuous square-integrable function of positive type on a lc group is proved
by Godement [8, Th.17]. See also Dixmier [I5] Th.13.8.6]. Moreover, ac-
cording to Godement’s terminology [8, Sect.29], g, is a unit of G, i.e., a
square-integrable function of positive type such that g, * g, = gy-

Proposition [7l(ii) says that the range H, is a reproducing kernel Hilbert
space [19] with kernel

kn(2,y) == gn(z™1y) .

Obviously, H,, is invariant under the left regular representation A of G.

11



Now, we include some definitions in order to characterize the admissible
vectors in Theorem
A vector g € L?(G) is said to be right bounded if

sup{[[f * gll : f € Ce(G), [[fI] <1} < o0

The set of all right bounded vectors is denoted by B’. A vector g € H is right
bounded if and only if 7,.(g) € L(L?*(G)), the space of bounded operators on
L?(G). Moreover, B’ is invariant under R,

n, =7, (B)

is a left ideal of R¢ and 7,.(Ag) = Am.(g), for A € Rg and g € B’. Let us
define
U :=BnD". (14)

U’ is a (full) right Hilbert algebra, m,(U4’) = n, N n’ and the von Neumann
algebra generated by U’ coincides with R¢ [I8, VI.1.9-15].

The full convolution right Hilbert algebra U’ permit us to identify the ad-
missible vectors. The result is a straightforward consequence of Proposition

!

Theorem 9 The following are equivalent:
(i) n is an admissible vector for {m, H}.

(i) g, € U' and m.(gy) = Py, , where Py, denotes the orthogonal projection
from L*(G) onto H,,.

Proof: (i)=(ii): If n be an admissible vector for {m, H.}, according to
Proposition [1 (iii), g, = g%, so that g, € D’. Moreover, by Proposition [7(ii),
g% € B’ and the orthogonal projection Py, coincides with

mr(9y) = 7r(9n)" = 70 (9n) = gy * gy) = 7r(90)°

(ii)=(@): If g, € U" and 7,(g,) = Py, , then m.(g,) = 7-(gy)* = wr(gf]) and
mr(g5)f = f for f € Lyn. Since
[ (g) f1(@) = [f * g;)(x) = (fIN@)gq), =€ G, feHy,

we have that g, is an admissible vector for {3, ,H,}. The equivalence (i)« (iv)
of Proposition 2] leads to the result. O

The next result is included explicitly to complete the picture.
Corollary 10 Let n be an admissible vector for {m,Hx}. Then H, is an in-

variant subspace of L*(G) for the left reqular representation A and g, is a cyclic
vector for the subrepresentation { N, ,Hy}-

12



Proof: The result follows from Corollary Bl and the equivalence (i)<(iv) of

Proposition O

Remark 11 (a) For a unimodular lc group G, the orthogonal projections in

L?(G) of the form 7,.(g), g € L*(G), are called finite projections by Segal
[10]. The set of finite projections forms a sub-lattice of the lattice of all
projections in R and every projection in R¢ is the least upper bound of
the finite projections it bounds [I0, Th.2]. Thanks to these results, Segal
[10, Th.3] establishes a generalization of the Plancherel formula for sepa-
rable unimodular lc groups. The Plancherel formula is written in terms of
the central decomposition of R¢ (in fact Segal works with m;(g) and Lg).
An equivalent approach is given by Ambrose [9] dealing with the so-called
L?-systems and H-systems, precursors of the concept of Hilbert algebra. A
generalization to Hilbert algebras of the theory of square-integrable repre-
sentations of unimodular lc groups can be found in Rieffel [I1], where self-
adjoint idempotents in Hilbert algebras are treated along the lines developed
by Ambrose [9]. Following Rieffel’s work [I1], a theory of square-integrable
representations which works for arbitrary full left Hilbert algebras (and,
hence, for arbitrary lc groups) is given by Phillips [I3]. The emphasis in
[11, [13] is put on an extension to Hilbert algebras of Godement’s theorem
[8, Th.17] on the existence of convolution square roots; see Remark Blc.
Stetkaer [17] expands the study of square-integrable representations to rep-
resentations induced from a character of a closed subgroup, mainly for G
unimodular. We will enter into some details of these approaches in Section

4

For a unimodular lc group G, Carey [25, Lemma 2.5] proves that if H C
L?*(G) is a reproducing kernel Hilbert space which is invariant under the
left regular representation A of G, then there exists g € L?(G) such that
m-(9) = Py. See Remark Bld. For separable and type I unimodular lc
groups, Carey [25] uses the natural traces on £} and R, (the positive
elements of L5 and R¢) and the Plancherel theorem given by Dixmier [15]
to study the Plancherel measure with the aid of the work of Segal [10].

We can dualize the above discussion entirely starting from the right Hilbert

algebra U’. For it, we shall say that a vector f € L?(G) is left bounded if

sup{||m(9)fIl : g €U’ |lgl| < 1} < o0

The set of all left bounded vectors is denoted by B. Clearly, B contains C.(G)
and to each f € B there corresponds a bounded operator m;(f) on L?(G) deter-
mined by

m(flg=m(9)f =fxg, gelU.

B is invariant under Lg,

n = Wl(B)

13



is a left ideal of Lo and m(Af) = Am(f), for A € Lg and f € B. As before,
we further extend products of vectors of L?(G) as follows:

fxg=m(f)g. [f€B, gel*Qq).

‘We then set
U :=BND". (15)

U" is a (full) left Hilbert algebra, C.(G) C U” and the von Neumann algebra
generated by U” coincides with L. As before, m(U") = n; Nn}.

Two operators play a fundamental role in the theory of convolution Hilbert
algebras. They are the modular operator A defined by

A:Dp — L*(G), [Af](x) :=dc(z)f(z),

16
DA:{fELQ(G):L5é(x)||f($)ll2dx<%}, 16

and the modular conjugation J given by
J:LA(G) = L(G), [If)() =05 (@)@ T). (17)

For the sake of completeness, some of their properties are collected in the fol-
lowing result [I8, VI.1.5 and VI.1.19]. Recall the definition of the involutions S
and F' and their domains given in (@) and (I0).

Lemma 12 (Tomita-Takesaki) (i) A = F'S is a linear positive non-singular
self-adjoint operator such that D(A'/?) = Dt and D(A~Y/?) = D°.

(ii) J is an antilinear isometry of L*(G) onto itself such that
a) (Jf1Jg) = (glf), for f,g € H,
b) J=J7t or, equivalently, J*> =1,
c) JAJ = A1
d) S=JAY?=A12],
e) F=JA"Y2=AY2]

(itt) J maps U" (resp. U') onto U’ (resp. U") anti-isomorphically in the sense
that

m(Jf) = Jm(f)d, feU”,
m(Jg) = Jm(9)), gel,
J(fxg) = (Jg)x(Jf), frgeUu".

Moreover, LU") .= {mU")}' = Lg, RU') = {m-U")}" = R¢ and,

JLc] =Ra, JReJ=Lc.

14



The left regular representation A and the right regular representation p of a
le group G, defined in ([B)) and (), are related as follows:

Lemma 13 Let G be a lc group. Then, for x € G,
Jp(x)J = XNz), J\z)J = p(z).
Proof: For f € L?(G) and =,y € G,
o) Ifl(y) = Jp()0g" W) FluT) =
= IV (2)dG " P (ya) Fly )] =

= 0w ) =
= D@1

Now, use J? = I to prove the second equality. g

The next results are the dual versions of Proposition [, Theorem [0 and
Corollary I

Proposition 14 Let n be an admissible vector for {m,H,}. Then:
(i) m(Jgy) = Jmr(gn)J = J Py, J is an orthogonal projection. Let us put
H, = JPy, JL*(G).
(i) J is an antiunitary operator from H, onto 7:{77.
(iii) Jg, € D* and [Jg,)* = SJTg, = Jgy.
(iv) For f € H, and z € G,
T () = 8¢ *@ ) (I Floa) Tgn) = [Tay + T (@)
() Jgy = [Jgn]ﬁ * [Jgn] = [Jgn) * [Tgn)* = [Tgy]F.
Proof: (i) Since JJ = I, one has
[J Py, J)? = TPy, JJPy,J = JPy, J.
Moreover, for f,g € L*(Q),
(S Py, I flg) = (Jg| P, T f) = (P, JglJ f) = (f|T Pr, Jg) ,

that is, [JPy, J]* = J Py, J.
(ii) For f € H, one has Py, f = f and

Jf=JPy, f=JPy,JJf = P?:Lan.

15



Now interchange the roles of H, and 7:[,,.
(iii) Since S = A™Y/2J, F = A2 and Fg, = g,

SJgy = A_1/2g,7 = A_1/2an =Jgy.

(iv) By Lemma [I3] and Proposition[7(ii), for f € H, and = € G,

0@ (I flp@ ) gn) = 052 (@) (Tp(a) gyl f) =
= 052 @) Mz )gylf)
= 05 @) (M )gylf) =
= 05 @)@ D) = Jf(x)

On the other hand, using (), [2]) and Proposition[7 (iii), for f € H, and z € G,

32 (N (I flpla™Y) T gy) = 05 (x) /G T (y)p(x=1)Tg,(y) dy =

= 35"%(a) [ )T Tl dy =
=/ Jf(y)Jgn(yw‘l)d(yw‘1)=/ Jf(yx)Jd g, (y) dy) =
G G
=/ Jf(yw)SJgn(y)d(y)=/ Jf(yz)a(y=")gn(y~") dly) =
G G

=/ Jf(yw)Jgn(y‘l)d(y‘l)=/ Jf(y~ w)Jgn(y) d(y) =
G G
= [Jgy* Jfl(x).

(v) The result follows from items (iii) and (iv). O

Theorem 15 The following are equivalent:
(i) n is an admissible vector for {m, H}.

(ii) Jgn € U" and m(Jg,) = Pjy,, where Pyy, denotes the orthogonal pro-
jection from L*(G) onto JH,,.

Proof: The result is a direct consequence of Theorem [0 and the Tomita-
Takesaki formulas in Lemma [[2](iii). It can also be proved using items (ii) and
(iv) of Proposition [[4l O

Corollary 16 Let n be an admissible vector for {m,H.}. Then JH, is an
invariant subspace of L*(G) for the right regular representation p and Jgy, is a
cyclic vector for the subrepresentation {p| sy, , JHn}-

16



Proof: By Lemma [I3] one has

p()J f(y) = JJp(x)Jf(y) = JN=)f(y), feEH, €.

Thus, the invariance under A of H,, implies the invariance under p of JH,,. Now,
that Jg, is a cyclic vector for the subrepresentation {p| s, ,JHy} follows from
the equality

Jf(z) =6 (@ ) (I flp(x")Tgy), fEM, zeQ,
in Proposition [l (iv). O

Remark 17 Proposition[I4l(iv) implies that JH,, is a reproducing kernel Hilbert
space [19] with kernel

kn(2,y) = 05" (x)Jgn(yz™") .

See Remarks[Rld and [[Ilb.

4 Square roots and idempotents

Let U be a left Hilbert algebra as in Definition Bl with associated Hilbert space
‘H and full right and left Hilbert algebras ¢’ and U" defined as in (I4) and (I3)).
Let R(U’) and L(U") denote the von Neumann algebras generated, respectively,
by 7. (U") and m U").

Given g € H, let us consider the well-defined operators m,(g) and m;(g) on
the respective dense domains U” and U’ of H given by

m(g) U = H: fr fg, m(g): U —-H:f—gf

Following Perdrizet [12], we introduce the following subsets of H:

Fo= {g € H :m(g) is closable on H},

P o= {g€ Fwe(g) is positive}

P>= {g€ F’: 7,(g) is positive and essentially self-adjoint } ,
)t o= {g €U : 7.(g) is positive}

where 7, (g) denotes the closed extension of m.(g). Using m(-) instead of m,(-),
one can also define the corresponding subsets F#, P# Pf and [U"]*, and

Pi={g99 :geU'}, B ={gs:gcU"}.

One has



Remark 18 The following results are due to Perdrizet [12]:
(1) Let g € H. The following conditions are equivalent [12, Prop.2.8]:
(i) g € F.
(i) There is a partial isometry V € R(U’) such that]
VigeP’ VVig=g.

(iii) There is a unique h € P’ such that the normal positive forms w,
and wy, coincide on L(U"), where wy(A4) := (Aglg) for A € L(U").
(Obviously, h = V*g.)

(2) For g € 7, the operator 7,.(g) is affiliated to R(U’) [12, Lem.2.2].

(3) Let g € H. Then, g € P if and only if g € D°, g = ¢” and 7,(g) is positive
[12, Prop.2.5].

(4) The subspace D’ is linearly generated by P° [12, Prop.2.6].
(5) Results similar to (1)-(4) are satisfied for F*, P* and D¥.
(6) P* and P* are mutually dual pointed convex conesd in H and
P =g, PE=gt,
where the bar denotes the closure [12, Prop.2.5].

The elements of P° (resp. P*) are known as the right positive elements
(resp. left positive elements) of H. According to Remark[I8l6, an element g € H
belongs to P if and only if

(glfff) =0, feu".

Remark 19 Let G be a lc group. The following concept is usual in the liter-
ature: A complex function g defined on G is said to be of positive type if, for
every f € C.(G),

/G o()f % f1(z) dz = /G /G oy ) T f () dy de > 0.

When ¢ is continuous, this is equivalent to the usual definition of a positive
definite function [15, Prop.13.4.4]. For g € L?(G), one has that g is of positive
type if and only if g € P [13, p.392].

1V is the partial isometry appearing in the polar decomposition of 7,(g), i.e., 7r(g) =
V|7r(9)|, where |7-(g)| = [7r(g)*Tr(g)]'/?, the initial space of V is the closure of the range
of |T-(g)| and the final space of V' is the closure of the range of 7, (g); see e.g. [26] Th.6.1.11].
Perdrizet [12] uses the Friedrichs’s extension of |7(g)[; see e.g. [27, pp.329-334].

2 Recall that for a convex cone B in L?(G), the dual cone 3° is defined by R° := {g €
L%(G) : (flg) >0 for f € 2]3} If P = P°, then P is called self-dual.
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An element e € U’ (resp. e € U") is called right self-adjoint idempotent
(resp. left self-adjoint idempotent) if e = e* = €2 (resp. e = ef = €2). Denote by
&' (resp. £") the set of nonzero right (resp. left) self-adjoint idempotents of U’
(resp. U"). Obviously, &' € P* and £” C P¥. Moreover, since m,(g)* = m,.(g")
for g € U’, one has that e € £ if and only if 7,.(e) is an orthogonal projection
on H. In a similar way, e € £” if and only if m;(e) is an orthogonal projection
on H.

Theorem [0 can be rewritten in terms of right self-adjoint idempotents:

Theorem 20 The following are equivalent:
(i) n is an admissible vector for {m, H}.

(ii) gy, is a right self-adjoint idempotent element of L*(G) such that m.(g,) =
Py,

An element g € P’ is said to be (right) integrable if and only if

sup (gle) < oo.
ec&”

Let g,h € P°. Then h is called a (right) square root of g if
(flg) = (m(f)nlh), feu”.

Remark 21 The following results can be found in Phillips [13]:

(1) U’ (resp. U") contains a net {ey taca of elements of £ (resp. £”) such that
7r(€q) (resp. m(eq)) converges to the identity operator of H in the strong
operator topology [13, Prop.1.7].

(2) Let g € P°. Then g is integrable if and only if ¢ has a square root h € P°.
If g € U, then so is h and in this case h? = g. See [13| Th.1.10]. This result
may be considered an extension to full left Hilbert algebras of Godement’s
theorem [8, Th.17] and its Rieffel’s version for Hilbert algebras [11], Th.3.9].

(3) Godement’s Theorem: Let G be a lc group and let g € L?(G) be positive-
definite. If ¢ is essentially bounded in some neighbourhood of the identity
of G, then there exists a positive-definite function h € L?(G) such that
g=hxha.e. [13, Cor.1.11].

According to Phillips [13], by a representation 7 of a left Hilbert algebra U
is meant a f-representation 7 of U on a Hilbert space H, such that there is a self-
adjoint net {go taca C U with the property that m;(gs) converges strongly to the
identity on H and (g4 ) converges strongly to the identity on H,. Obviously, an
example is the left regular representation {m;, H} of U" (see Remark 2111).
For each &,m € Hy, the linear functional c¢, on U defined by

cen(f) = (w(H)Em), [fel,
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is called a coordinate functional of . A pair of vectors £, € H, is called
a square-integrable pair for 7 if the coordinate functional c¢ , is continuous
on U in its pre-Hilbert space norm. In this case there is an element g¢, € H
such that

cen(f) = (floen), felU.

If n € H, and the pair (1,7n) is square-integrable, we say that n is a square-
integrable vector and write g, for g, ,. A cyclic representation of & will be
called a square-integrable representation if it has a cyclic vector which is
square-integrable.

Remark 22 We recall here some results by Phillips [13]:

(1) Let {m,H~} be a representation of U”. If n € H, is a square-integrable
vector, then the coordinate element g, €  is integrable and positive [13]
Prop.3.3].

(2) If {m,H,} is a square-integrable representation of A", then there is an ele-
ment g € P” such that  is unitarily equivalent to the left regular representa-
tion 7, of U” on (m(U")g). Conversely, if Ho = (m (U")h) for some h € D,
then the left regular representation m; of U” on H, is square-integrable with
a positive cyclic vector g € U’. See [13, Th.3.5].

Now, let G be a lc group. Recall that unitary representations m of G and
nondegenerate f-representations of the group algebra L!(G), on the same Hilbert
space H, and still denoted by 7, are in correspondence through the relation

ﬂﬁ:LﬂWMM%feﬂﬁ% (18)

where the operator-valued integral is interpreted in the weak sense. Nondegen-
erate means that for £ # 0 in H, there exists f € L'(G) such that 7(f)¢ # 0.
The von Neumann algebras generated by 7(G) and 7(L*(G)) coincide and also
the sets of intertwining operators and invariant subspaces for both representa-
tions, and the same assertions are true if one considers, instead of L;(G), the
dense modular algebra C.(G) or the full left Hilbert algebra ¢4”. In particular,
for the left regular representation A of G, A(f) = m(f). See e.g. [2I], Sect.3.2]
and [13] [14].

Remark 23 If {r,H,} is a unitary representation of a lc group G, for each
&,m € Hr, the coordinate functional c¢ , is defined as the function on G given
by

cen(x) = (m(x)§ln), =G,
and the pair of vectors (§,7n) is called a square-integrable pair for « if c¢, €
L?(G). Since

0mm—LﬂMWMWM—LﬂWm@m7fﬂM®,
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Schwarz inequality and Riesz theorem imply that (£,7) is a square-integrable
pair for the unitary representation m of G if and only if it is a square-integrable
pair for the corresponding representation of C.(G) or Y”. Furthermore, in such
case, ge,, = Ce., as elements of L2(G).

As Rieffel [16, p.37] comments, “the most common definitions of square-
integrability for unitary representations {m, H,} of a lc group G just involve
the condition that c¢, € L*(G) for some &,n € H, (and c¢, # 0)”. Duflo
and Moore [22] or Grossmann, Morlet and Paul [3] add irreducibility into the
definition (in [3] admissible vectors are just square-integrable vectors). For other
definitions, see e.g. Rieffel [16, Def.7.8] and comments around.

Similar arguments to those used in the proofs of Takesaki [28, Lem.3.3] and
Phillips [I3] Th.3.5] lead to the following result. Recall the polar decomposition
of a closed operator introduced in footnote [l

Theorem 24 Let {m,H.} be a unitary representation of a lc group G. The
following assertions are equivalent:

(i) {m, Hr} has an admissible vector.

(i) {m,Hx} is equivalent to a subrepresentation of A, {\j3,, Ho}, with a cyclic
vector g € U’ such that 0 does not belong to the spectrum o(|m-(g)|) of
|7 (g)| or 0 is an isolated point of o(|m.(g)|).

In such case, {m,Hy} is square-integrable and w,(g)|7,(g)|~2g" is an admissi-
ble vector for { N3, Ho}, where |m.(g)| ™" is the partial inverse of |m.(g)| from
rang(|m(g)|) = rang(|m(g9)]) onto L*(G).

Proof: (i)=(ii): This implication follows from Theorem Indeed, put
g = gy and Ho = H,,. Since 7.(g) = |m(g)| = Py, one has o(|m,(g)|) = {1} or
o(|mr(9)]) = {0,1}, and, since g € Ho,

|72

T (9)m(9)| 2 = m(9) g =Pylg=g.

Moreover, for f € U”,
¢o(f) = (m(f)glg) = (m-(9) flg) = (flmr(9)9) = (Flg + 9) = (flg)-
(il)=(1): Put A :=7,.(g) and consider its polar decomposition
A=VH=KV:

see footnote[ll Then H and K are positive and affiliated with R(U') = [LU")]'.
Let ¢ be a bounded positive measurable function of a real variable with compact
support. Since H?¢(H) is a bounded everywhere defined operator, one can
consider

96 = Ad(H)g".
Then, g4 € Tang(m,(g)) = (m(¢)U") = (m(U")g). Moreover, g4 € U’ and

95 =90, Tr(ge) = K*0(K) = K*¢(K)VV™.
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See the proof of Lemma 3.3 in Takesaki [28] for details. See also [18, VI.1.12].
In particular, if ¢ is such that t2¢(t) = x(t), the characteristic function of a
measurable compact set o C (0,00) such that o(m,(¢))\{0} C «, then g4 =
gz, = gfb, ie., go € &, and m,(g9y) = Py,, where Hg is a closed subspace of
(m(U")g). That He = (mU")g) = Ho follows from the fact that {K?¢(K)}
coincides with the range projection of K, which is also the range projection of
A = 7,(g). Thus,
9o = AH?g” = m.(g)|mr(9)| %9

is a right self-adjoint idempotent element of L?(G) such that m,(gs) = Py, and,
then, g4 is a cyclic vector for {A3,, Ho} and ¢y, 4,(f) = (flgg) for f e U".
Now, apply Theorem O

Next Lemma explicits a fact already implicit in the proofs of Takesaki [28]
Lem.3.3] and Phillips [13} Th.3.5 and Prop.4.2].

Lemma 25 Let G be a lc group and {\3,, Ho} a subrepresentation of the left
regular representation A of G. If Ho N'D* # {0}, then Ho NE # 0. If in
addition, {\y,, Ho} is irreducible, then Ho N E' = {e}.

Proof: Let 0 # g € Ho N D". By Remark 084, g € F” and we can
consider the closure A := 7.(g). As before, let A = VH = KV be the polar
decomposition of A. Let a C (0,00) be a measurable compact set such that
aNa(H) # 0 and consider the function ¢(t) = xa(t)/t?, t € R. Then, according
to the proof of [28, Lem.3.3], the vector g4 := A¢(H)g" is well-defined and
belongs to (m(U")g) C Ho and also to U’. Furthermore, by spectral theory,
mr(gg) is the orthogonal projection onto (m (U")gs) C Ho and gy € E'.

Now, assume in addition that {\3,,Ho} is irreducible. If there exist e; #
ez in Ho NE’, then, by [12, Lem.2.2], the projections m,.(e1) and m(e2) do
not coincide, neither the subspaces m,.(e1)(L?(G)) and m,.(e2)(L*(G)). Since
mr(€;)(L2(G)) = (m(U")e;), i = 1,2, are invariant subspaces of Hg for the left
regular representation A, this contradicts the fact that {3, Ho} is irreducible.
Thus, Ho N &' = {e}. O

For irreducible representations we have the following result:

Corollary 26 Let {m,H.} be an irreducible unitary representation of a lc group
G. The following assertions are equivalent:

(i) {m, Hr} has an admissible vector.

(i) {m,Hnr} is equivalent to an irreducible subrepresentation of A, {3, Ho},
such that Ho N'D" # ()

In such case, Ho NE" = {e} and e is an admissible vector for {Nz,, Ho}.

Proof: By Lemma[25] one has HoNE" = {e}. Since {3, Ho} is irreducible
and 7, (e)(L*(GQ)) = (m(U")e) is an invariant subspace of Hg for \, one must
have Ho = (m(U")e) and, then, e is a right self-adjoint idempotent of L?(G),
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which is cyclic for {A3,, Ho}. Thus, e is an admissible vector for {3, Ho}.
Now, apply Theorem O

Remark 27 (a) If e;,e2 € &', then one writes e; < ey if m.(e1)m(e2) =
7r(e2)mr(e1) = mr(e1). An element e € £’ is said to be minimal if whenever
e1 € & and ey < e, then e; =e.

(b) In Corollary B8l being {\3,,Ho} irreducible, the admissible vector e must
be minimal.

(c) Phillips [14] proves that any irreducible square-integrable representation
{m,H~} of a full left Hilbert algebra U" is equivalent to the left regular
representation of U” on a subspace Ho of H of the form Hy = m.(e)H =
[U'e]~, where e € £ is minimal. In such case, F* NHo = D’ N Hy = U'e
and a pair f,g € Ho, with f # 0, is square-integrable if and only if g € U’e.

(d) In his work on integrable and proper actions on C*-algebras, Rieffel [10]
Prop.8.7] observes that, for square-integrable irreducible representations
{m,Hr} of a lc group G and normalized 7-bounded vectors g, right con-
volution by the coordinate functional ¢, is a projection of L?*(G) onto a
closed subspace Hg consisting entirely of continuous functions, on which A
is unitarily equivalent to . Obviously, ¢4 is what we call here an admissible
vector for {3, Ho}-

5 Standard form and weights

Let G be a lc group and let A and J be the modular operator and modular
conjugation defined, respectively, by ([[6) and ([I7). Let {m,H.} be a unitary
representation of G, let  be an admissible vector for {m, H,} and, as in Section
Bl Eq.(II), let us put g, := L,n and H,, := L, H.

Since H,, is invariant under A and JH,, is invariant under p, one has for the
corresponding projections that

Py, € Rg, Pu, € La,

where L5 and Rg are the left and right von Neumann algebras of G given in
(@ and (®). Let us consider the reduced von Neumann algebraf] generated,
respectively, by A on H,, and by p on JH,,:

Ly:={Ax)pn, x€ G}”, Ry = {p(x)u, 1 v € G}”.

Obviously,
JLy =Ry, JRyJ =L,

3 Let M be a von Neumann algebra acting on a Hilbert space H. If P is a projection in
H, belonging to M, the reduced von Neumann algebra Mp is the set of all A € M such
that PA = AP = A, and is a von Neumann algebra on the Hilbert space PH; its commutant
will be the induced von Neumann algebra [M’]p, whose elements are all the restrictions to
PH of elements of M’.
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and
Hy = (Lngy) = (Lagn), JHy=(RyJgy) = (Ralgy).
Now, as in Section[d] let us consider the mutually dual pointed convex cones
in L?(G)
P’ = {ggb 1g EL{'}i, Pt .= {ggﬁ tg EZ/{"}i,
where the bar means the closure; see Remark [I816. Then,

Pi= (AP = (AVIPE) (19)

is a self-dual closed convex cone of L?(G); see footnote Bl for a definition of self-
duality. Moreover, every element of L?(G) is represented as a linear combination
of four vectors of B and, to each w € [Lg]}, there corresponds a unique g € P
with w = wy, i.e.,

w(A) = wy(A) = (Aglg), A€ Lg.

See [18] IX.1.2].

Taking into account the modular conjugation J defined in ([I7), the quadru-
ple {Eg, L*(G), J,‘ﬁ} is a standard form of the von Neumann algebra L,
that is, the following requirements are satisfied:

(i) JLgJ = Ly = Re,
(i)

(i) Jg=g, for g € P,

(iv) AJAJP C*P, for A € Lg.

JAJ = A*, for A€ Lo NRe,

Remark 28 Standard forms are introduced by Haagerup [20]. Every von Neu-
mann algebra M can be represented on a Hilbert space H in which it is standard.
In such a standard form, for all w in the predual M., there exist £, € H such
that w = we 5, ie.,

w(A) = we y(A) := (A|n)n, A€ M;

furthermore, every automorphism « of M is implemented by a unique unitary
operator U of L(H), that is,

a(A) =UAU*, AeM,
such that UJ = JU and U C B. See also [18, Sect.IX.1].
Lemma 29 Let n be an admissible vector for {m,Hr}. Then:
(i) g, € P* and Jg, € Pt
(i) g, € D(ATY4), Jg, € D(AY*) and

A~Vrg, = AV g, = JAT 4, . (20)
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(m) <£GA_1/4917> = <RgAl/4Jgn> = <RgA_1/4gn>.

Proof: (i) follows from Proposition [ (iii) and Proposition 4l (v).

(i) Since g, € D* = D(A~/2) and D(A~/2) is a core for A=1/* (see e.g.
[29, 2.7.7]), then g, € D(A~'/4). In a similar way, Jg, € D = D(AY/?) implies
Jgy € D(AY*). Now, since g, = g) = Fg, (Proposition [[liii) and F = A'/2]
(Lemma [I2lii.e),

A_1/4gn — A—1/4an _ A_1/4A1/2Jgn — A1/4Jg77,

TA ) (w) = 06" )66 oy = (A7 9] (w).

(iii) Since J is an (antilinear) isometry and J? = I (Lemma [I2lii), one has,

by Lemma [[3] and (20),
J(LeA™gy) = J{A

{JA
{p(x)JA" Vg, 1w € GY) =
{p(x)A" g, 2 € G}) =
{n( )A1/4Jg z €GY),

—1/44 n T € Gl =

z)A
x)JJA™ 1/4 nix€Gl) =

(
(

X

(
(
(
(

that is,
J(LaA™V4g)) = (RaAY*Jg,) = (RaA™Yg,) . (21)

On the other hand, by (i), g, € D(A~'/*) and, thus, for z € G, the function
yeGw— 551/4(x71y)gn(x71y) is in L?(G). But

Ngn(aly) = 0 @) (W)gn(aly) =
= 6 @)[AT N @) g, ()

5o (@

and this implies that A(z)g, € D(A~Y/4) and
Az) A Vig, = 5/ (x) A"V 4 \(z) gy, z€G.
Thus,

(Lad™ig,) = ({M@)Aig, 2 e GY) =
= ({ATViN(a)g, € GY) = ATV,

and, then, using again that g, = g%,

J(LeA™Vg,) {JAV*N(2)gy 1w € G}) =
{A 1/2A1/4)\(:v)gn cx € GY) =
{AV N\ (2)g, 12 € GY) =

EGA 1/4 >

(
(
(
(
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This equality, together with (21I), lead to the result. O

Thus, if 77 is an admissible vector for {7, H}, according to Lemma 29liii, we
can consider the closed subspace H,, of L?(G) defined by

H, = (LaA™Y,) = (ReA™V4g,) . (22)

Obviously, the corresponding orthogonal projection Py, from L*(G) onto ’H,
belongs to the center Lo NReg and the elements of the reduced von Neumann
algebras £, and R, of L and R¢ to H, (see footnote) are just the restrictions

to 7:[,, of elements of L5 and R, i.e.,

Ly = {Ma)y, 1w € G} =[Lalp, =LaPy

Ry = {p(@), 12 € G} = [Relp,, =RaPy, (23)

Both (reduced) von Neumann algebras En and 7377 act on 7:[,, and, by definition,
[Ln] =Ry R
Moreover, the definition of #, also implies that A=1/4g, is a cyclic vector

for both ﬁn and 7@,7. Recall that, given a von Neumann algebra M acting on

a Hilbert space H, an element ¢ € H is called a separating vector for M if|

for any A € M, A¢ = 0 implies A = 0. It is well-known that £ is a separating

vector for M if and only if £ is a cyclic vector for M'; see e.g. [30, Prop.2.5.3].

Thus, A‘1/4g is a cyclic and separating vector of ’H for both E and ’R
These results and additional ones are included in the next theorem

Theorem 30 Let 1 be an admissible vector for {m,H.}. Let 7—[ be the closed
subspace of L*(G) defined by (Iﬂ) and let L, and R, be the reduced von Neu-
mann algebras of L and Rg to Hn given in (23). Then:

(i) P’*:ln € LcNRa.
(ii) Lyl =Ry
(iii) A‘1/4g,7 is a cyclic and separating vector of 7—2,, for both ﬁn and 7%,,.

w) [T (A Y49 )y =15 . If, in addition, [A="*g,]> = A'/*g, belongs to
1L, |#y n n
H,, then m,.(A~Y4g,) = Py

(v) Let J be the modular conjugation in L*(G) defined by (17). Then J and
P,’:[n commute. Let us consider

Jﬁ = J|”':ln .

Then j,, is an antilinear isometry of 7—2,, onto itself such that jg = Ilﬂn'
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(vi) Let B be the self-dual closed convex cone of L*(G) given by (I9). Let us
define . .
By =PNH,.

Then ’fjn 18 a self-dual closed convex cone of 7:{77 and
‘ﬁn = {[R+gn — 9] ﬁ‘ﬁ}_

(vii) {ﬁn,ﬁn, j,,,‘ﬁ,,} is a standard form of the von Neumann algebra ﬁn-

Proof: (i), (ii) and (iii) have been proved in the preceding comments.
(iv) Since m,(gy) = Py,,, one has, for z,z € G,

A=) A~y % [AVig (@) =

- /G YAV Ag () AVAg,) (v 1) dy =
=/G5é1/4(2‘1y)9n(2‘1y)5 Yy ) gy ) dy =

= 65" (27 @) [M2)gn] * gn(x) =
= 65" (27 ) M=) gy)(2) = [A(2) AV, (x) .

Thus, [7,(A"g)) 5, = Iz, -

Since g, = g,b], a simple calculation leads to [A™/4g,]> = Al/4g,. If, in
addition, [A~1/4g,]” € H,, then m,(A~1/4g,) = Py, . Indeed, in such case, for
fe 7—2# and z € G,

F1a Vi) = [l g e dy -
=/Gf(y)5é Yy a)gy (v ) dy =
= [ 1 e gy -
= [ s gy = | ren BT ) dy -
= (Ma ) fIIA4g,1) = (FIA@)IAV4g,l") = 0.
(v) By Lemma [2ii.b, Lemma I3 and (20), for = € G,
IN@)A™Yg, = IN@)JTA Y4, = p(z)JA™ Vg, = p(x)A~V4g, |

so that J and P, e commute and jn = Jlﬁn is an antilinear isometry of 7:[77 onto

itself such that J = I‘H
Finally, (vi) and (vii) follow from [I8] IX.1.8] and [I8] IX.1.11]. O
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Let M be a von Neumann algebra of operators acting on a Hilbert space
H. Recall that M is said to be o-finite if all collections of mutually orthogonal
projections in M have at most a countable cardinality. It is well-known [30,
Prop.2.5.6] that M admits a cyclic and separating vector if and only if M is
o-finite. Thus, Theorem [BOliii implies the following result.

Corollary 31 Let 1 be an admissible vector for {m, Hr}. Then the reduced von
Neumann algebras L, and R,, are both o-finite.
Now, let us recall the notion of weight on a von Neumann algebra.

Definition 32 A weight on a von Neumann algebra M is a map ¢ : M+ —
[0, 0], the extended positive real numbers, satisfying the following conditions:

p(A+B) = ¢(A)+¢(B), ABeM",
p(sd) = sp(4), AeMT s>0,
where we use the convention 0(+00) = 0. It is said to be semi-finite if
B, = {A e M :p(A) < o}

generates M; faithful if p(A) # 0 for every non-zero A € M™; normal if
@(sup A;) = sup p(A;) for every bounded increasing net {A;} in M™T.

Given a weight ¢ on M, B, is a convex cone of MT,
n,:={AeM:A"AecP,}
is a left ideal of M and

my = {ZB;*AZ- t A, Bieng,, 1 <4< n}
i=1
is an *-subalgebra such that m, N M™ = P, and every element of m,, is a
linear combination of four elements of PB,. The x-subalgebra m, is called the
definition domain of the weight ¢ or the definition subalgebra of ¢. See e.g. [I8]
VIL1.2).

There is one to one correspondence between full right and left Hilbert al-
gebras and faithful semi-finite normal weights [18, Sect.VIL.2]. Here we pay
attention to the full convolution right and left Hilbert algebras U’ and U” of a
le group G defined in (Id]) and (IT). Recall that

m-(U)=n. N0}, mU")=nNn;.
Set

n
m, =n'n, = {ZB;*AZ-:Ai,Bi en,1<i<n},
=1

n
my ::nZ‘nl:{ZBfAi:Ai,Bienl, 1<i<n}.
i—1
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We define an extended positive real valued function ¢, on RJCS as follows:

_ lgll, A2 =m(g), g U,
er(4) '_{ +o0, otherwise, (24)

Similarly, we define ; on EE:

_ [ lgll, if AY2 =m(g), g U,
wi(4) '_{ +00, otherwise. (25)

Then the formulas (24]) and (25]) give opposite faithful semifinite normal weights
@r on Rg and ¢; on L such that

My, =My, Ny, =Np, My =My, Ny, =1

and

or(mr(9)*me(f)) = (flg),  frge B,
el(m(g) m(f) = (flg), f.g€eB.

See e.g. [I8, VII.2.5]. The weight ¢; on Lg is called the Plancherel weight;
see e.g. [311132], [I8] Sect.VIL3], [24, Chapter 3][

The associated modular operator A and modular conjugation J are defined,
respectively, in (I8) and (7). The modular operator A induces a one parameter
unitary group {A% : ¢ € R} acting on U and U’ as automorphisms, i.e.,

T (Aitg) = AitWT(Q)Aiitv gelu,
Fl(Aitg) — Aitﬂl (g)Aiit, g c UN .

Since the modular conjugation J maps U” (resp. U’) onto U’ (resp. U") anti-
isomorphically (Lemma [2liii),

1. (JA%g) = JA"m(g)ATT, geU”,
m(JA%g) = JA%m.(9)ATT, gel.

See [I8] VI.1.19]. Thus, A gives rise to a (unique) one parameter automorphism
group {0} }+er of L given by

of'(A) == A"AAT", A€ Lg,
which satisfies the modular condition for o;:
(i) po=wpio0f", for t € R;

(ii) For every pair A, B € m(U"), there exists a bounded continuous function
F4 p on the closed horizontal strip D bounded by R and R + ¢ which is
holomorphic on the open strip D such that?l

Fap(t)=@(of' (A)B), Fap(t+i)=¢(Bof'(4)), teR.

4Really, one should say that ¢; on L (resp. ¢ on Rg) is the left (resp. right) Plancherel
weight.

5For the weight ¢, on Rg and the one parameter automorphism group {crfr}teR of Rg
given by of"(A) := A®AAT® A € R¢, one must consider the closed horizontal strip
bounded by R and R — 4.
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See [18, VIII.1.2]. {of'}icr is called the modular automorphism group
associated with ¢;.

Now, let 1) be an admissible vector for {7, H,}. Since A=1/4g, is a cyclic and
separating vector of H,, for both ﬁn and R, (Theorem [B0liii), the expression

G (A) = wa-1/4,, (A) = (AA~Y4g |A=Y4),  Ac Ly, (26)

defines a faithful finite normal weight @, on ﬁn- The next result determines
the associated modular operator A,, modular conjugation J, and involutions
F, and S, in H,,.

Proposition 33 Let 1 be an admissible vector for {m, M.} and let @, be the
faithful finite normal weight on L, defined by (28). Then:

(i) The modular conjugation is jn =Jx,

(i1) The involutions Fn and 5’,7 m 7:{77 are determined by

Eylp(x) A~ g, = p(a™h)A™ Vg, zea,
SyM@)ATY4g, ] = ANz"H)A Vg, zed.
(iii) The modular operator A, satisfies
ApA@)AViAgy) = p(x)A~ g, z€G.

Proof: (i) The result is already proved in Theorem B0lv. R
(i) This is the standard definition for the involutions F;, and S, when

A~1/4g, is a cyclic and separating vector of H,, for £, and R,; sce e.g. [30,
Sect.2.5.2]. X o
(iii) The modular operator A, := F},S, satisfies, for z € G,
AH[A(x)A71/49n] = ann[)‘(x)Ail/Algn] = Fn[)‘(xil)Ail/zlgn] =
= F,[JINz" Y JIJA Y g, = F [Jp(z~ 1) JA™V4g, | =
= FylJp(a™")A™ g, = Fylp(a=)A™V4g,) = p(a) A~ g,

since, for z,y € G,
[Tp(a™ AT A, )(y) = T8¢ (27 )d (g™ gy (ya ™

! 9n )
= 654 (@) 785 (1) gu(yz ") = 65 (@)85 " (y) g ()
= 62 (@ )55 (o gy (ya™) = [p(z~H)A Vg, ](y),

where we use J, = T, JA,? =1, , Lemma[l3 @0) and g, = gZ. O
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As before, the modular operator An leads to a one parameter automorphism
group {0, }ier of ﬁn given by

o7 (A) = APAN" Ael,,

which satisfies the modular condition for @,,.
The weights ¢; and @, and the corresponding one parameter automorphism

groups {of'} and {o}"} are related by the so-called cocycle derivative, a one
parameter family {U; } of partial isometries on L?(G) with initial and final space
‘H,, in this case.

Theorem 34 Let p; be the Plancherel weight on L. Let nn be an admissible
vector for {m, H~} and let &, be the faithful finite normal weight on ﬁn defined by
(20). Then there exists a unique one parameter family {U} of partial isometries
such that

(i) t e R U, € Lg is o-strong® continuous.
(ii) Usyr = Uso?(Uy), s,t € R.
(i) U UF =UU, = Py s teR.
(iv) Urof'(ng, Nng,) Cnf Nng,, t €R.
(v) For each A € ng, Nny and B € n,, Nng , there exists there exists a
bounded continuous function F on the closed horizontal strip D bounded

by R and R + i which is holomorphic on the open strip D such that, for
teR,

F(t) = &y (Uiof (B)A), F(t+1) = pi(AUio{"(B)) .

(vi) o7 (A) = Upo? (AU, A€ L, t €R.
Furthermore, the above property (v) of {U:} determines the cocycle uniquely.

Proof: Since P,":Ln belongs to the center Lo N R, by [18, VI.1.23], one has

af! (P,’:Ln) = Py ,t € R. The rest of the Theorem adapts [18, VIIL.3.19] to this
context. 0

The one parameter family {U;} of the above theorem is called the cocycle
derivative of @, relative to ¢; and denoted by (Dd),, D), t € R
Finally, we include a sort of orthogonality relations in this context.

Theorem 35 Let 11 and 12 be admissible vectors for {m,H.}. The following
conditions are equivalent:

(i) A_1/49771 1 A_1/49772-
(i1) P, L By,
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(ii) Hoyy L Hyp.
Proof: See [18, IX.1.12]. O

Remark 36 Phillips [I4] studies orthogonality relations for irreducible square-
integrable representations of left Hilbert algebras similar to those given by Duflo
and Moore [22] for irreducible unitary representations of nonunimodular groups.
See, in particular, [I4, Th.2.4] and [14, Cor.2.5]. See also Grossmann, Morlet
and Paul [3]. See also the reproducing kernel Hilbert space approach given by
Carey [33]. Additional comments on orthogonality relations can be found in
Rieffel [16] Sect.8].

6 Final remarks

Some final remarks for further development:

1. The unimodular case deserves particular attention to exploit the very special
character of traces and the measurable structure around them [18, Sect.IX.2].
This study must connect with the work of Barbieri, Herndndez and Parcet
[7] on Riesz and frame systems and generalized Zak transforms. The integral
and L'-norm introduced by Phillips [I3, Sect.2] in the general case should
be taken into account too.

2. The subspaces H,, and JH, are reproducing kernel Hilbert spaces. See Re-
marks Bld, [Ilb and [l We do not use this property here, but it deserves
attention. See Carey [33 B4, 25]. Reproducing kernel Hilbert spaces are
closely related to the theory of coherent states, see e.g. Perelomov [35].

3. An analysis of the subspace 7:[,, could be done in the light of Rieffel and van
Daele’s approach to Tomita-Takesaki theory [36].

4. A lc group gives rise to two dual structures: one is associated with the
Haar measure and multiplication operators and the other is related with the
Plancherel weight and convolution operators. It is clear that, as presented
here, the theory of admissible vectors is developed in the second structure.
Deep understanding of this duality involves crossed products [31],[32] and Kac
algebras [24].

5. Examples of application shall be given elsewhere.
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