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ABSTRACT. We report on an integral representation for the Fibonacci sequence

P - % <\/52+ 1)" B % /O°° sin(z/2) cos(nz) — 2sin(na) sin«

and give two different proofs, with or without invoking complex analysis. These proofs allow
us to present some generalizations of this integral representation along two different directions.

— 3 dx
T 5sin“ x + cos? x

1. INTRODUCTION

Years ago, when one of us (MLG) was working on the electron gas in a magnetic field [1],
whose quantum levels are expressible in terms of associated Laguerre functions, a uniform
asymptotic expansion of the latter was needed beyond the leading term available. MLG
developed a procedure, based on obtaining a Fourier integral representation, for producing this
uniform asymptotic expansion. Essentially, if one has a generating series F(z) = > 7 j Ap2"
for the sequence {Ap|n € Z>¢}, then

A[uJ _ 1/ 51n(93/2) [ei(ufl/Q)z F(eiix) + efi(u71/2):v 7_-(62‘:2) dt+ R, ue€ (07_’_00) \Z,
Vs 0 a
(1.1)

where the “remainder term” R comes in, if F(z) has singularities in the right half complex
plane. Specializing Eq. 1.1 to the generating function of the Fibonacci sequence F(z) =
o0 o Fnz™ = z/(1—z —2?), one could deduce, after some algebra, the integral representation
mentioned in the abstract (reproduced as Eq. 1.2 below).

On Mar. 25, 2015, MLG challenged YZ in an email message for a proof of the aforementioned
integral representation of the Fibonacci sequence, without supplying the “generic inversion
formula” (Eq. 1.1) beforehand. On the same day of the correspondence, YZ wrote back to
MLG a demonstration of the said integral representation, without prior knowledge of Eq. 1.1,
and obtained generalizations along a different direction.

In this brief note, we present two different proofs for the following integral representation
of the Fibonacci sequence

F, = 1 Va1 2 /°° sin(x/2) cos(nz) — 2sin(nx) sin x
RV 2 0 x 5sin’x + cos? x

T
drawing on the methods developed independently by MLG and YZ. In §2, we outline a proof
of Eq. 1.1, thereby placing Eq. 1.2 in a complex-analytic context. In §3, we use real-analytic
methods to establish an equivalent formulation of Eq. 1.2:

2 /°° sin(z/2) cos(nx) — 2sin(nx) Sinmdx (=D (VE-1
0

T x 5sin? z 4 cos? V5 2

dx, né€ Zzo, (12)

n
) , neE ZZQ, (1.2/)



and extend the result to an evaluation of the integral

I(m,n) = % /O * sin(z/2) cos(nx) — 2sin(nx) sinw

dz (1.3)

x msin? x + cos? x
for arbitrary m > 0,n € R.
2. A COMPLEX-ANALYTIC PROOF

For n < uw < n+ 1, the n-th Fibonacci number can be written F|,|. Consider this as a
function of u and let us take its Laplace Transform:

00 e k+1 o0 1 e~ ? 1—¢e %
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where we have noted the generating function

ZFZ TR (2.2)

One might also note that Eq. 2.1 is equal to 7767]: (e7*) — arelation that remains valid when
the aforementioned F is replaced by the generating function of other well-behaved sequences
[1, Eq. 4].

Now take the inverse Laplace transform to get

1 [etieody sinh(z/2)
F=t o SOBG/D) o 23
Lu] = /Cioo P sinhz —1/2’ u € (0,400) (2:3)

where ¢ > sinh ™ (1/2) = 2, the only real-valued singularity of the integrand. All the singular-
ities of the integrand that lie in the right half-plane can be enumerated as z, = zo+2kwi, k € Z.
By displacing the contour to the imaginary axis z = iy, y € R, we have

B 1 (9 sm(y/2) z(u 1/2)y
Fluy = 27 /_oo isiny — 1/2dy + Z Ik, (24)

Y

1 dz e(u 1/2) Sll’lh(Z/Q)

L= — _smhiz/2)_
T omi o, % sinhz —1/2’

(2.5)

where the contour Cj, is a small circle centered at zj. The infinite sum )22 Ij in Eq. 2.4 is

understood as limy_ 4o Zév:_ ~ 1i- Such an inversion formula as Eq. 2.4 can be generalized

into Eq. 1.1. However, we point out that it is generally hard to compute the residue contribu-

tion, namely, the “remainder term” R in Eq. 1.1. For the case of Fibonacci sequence, the sum

over the residues I can be evaluated in closed form, as we explain in the next paragraph.
By residue calculus,

> n-27

k=—o00

where ¢ = (v/5 + 1)/2 is the Golden Ratio, and Ing = 25 = sinh~'(1/2). To evaluate the
infinite sum in Eq. 2.6, we require the series (cf. [1, Eq. 12] and [2, Eq. 5.4.5(2)])

1 5 io: cos(2kmu) In ¢ + 2k7 sin(2kmu) (2.6)

m In? @ + 472k2

k=1

i cos(2mkx) 7 cosh[2am(z — |z] — )] 1
a2+k2  2a sinh(am) 2a2’

Ve € R,ia € C\ Z, (2.7)
k=1
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and its derivative with respect to x € R \ Z. After some algebra, one can deduce

Y I= (ﬁ;l> \}5 u € (0,400) \ Z. (2.8)

k=—o00

The remaining integral in Eq. 2.4 is equal to

1 [ dz €i(ufl/Q):z?
— —si 2) Re | ———| . 2.9
W/O x sin(z/2)Re isine —1/2 (2:9)
Consequently, with uw = n + 1/2 for n € Z>(, one finds
/ sin(z/2) sm(@:);ln:ﬁ cos(nz) dx _F ¥ (2.10)
T Jo 5sin” x + cos? & x NG

By Wells’ formula (see [3] and [4, p. 62]),

F, = M’;;J (2.11)

holds for non-negative even integers. So, for n even the integral in Eq. 2.10 is precisely the
negative of the fractional part of ¢™/+/5.

3. A REAL-ANALYTIC PROOF

In this section, we base the integral formula in Eq. 1.2’ on the following theorem.

Theorem 3.1. When n € (2k — %, 2k + %) N[0, 4+00) for a given integer k € Z>o, we have

Hmin) 2 /oo sin(x/2) cos(mc)‘—QQSin(nx) sin:vdx _ vm—1 ko C Wm>0 (31)
T Jo x msin® x + cos? x vm+1) /m
whenn € 2k +1 — %, 2k+1+ %) for a given integer k € Z>¢, we have
N 1>’“ 2
I(m,n)=— , Vm >0; 3.2
( ) <\/ﬁ—|—1 vVm(1++/m) (3:2)

+ o+
when n — 3 € Zxq, we can compute I(m,n) = I(mn+0 );I(mm o)

Proof. The entire proof hinges on the following Poisson kernel expansion

00 k
vm :1+22(m_1> cos(2kz), ¥Ym,x > 0. (3.3)
T Py 1

msin? x + cos? vm +

By elementary trigonometry, we have

2 si 2
M[cos(n:n) — 2sin(nz) sin x| cos(2kx)
T
1
= — [2sin (2kx —nx + f) + 2sin (—2k:z —nx + f) —sin | —2kz — nx + ?ﬁ +
2x 2 2 2

+ sin (2/<::U + nx + 3;) + sin <—2k:c + nx + 323:) — sin <2kx —nx + 3;)] . (3.4)
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FIGURE 1. Two typical plots of f,(k) as a function of k € [0, 4+00). We note
that for varying values of n € (3/2,400), the shapes of the k-f, (k) plots are
just horizontal translates of each other.

Bearing in mind that the Dirichlet integral evaluates to

1, a>0

2 [ si
/ sinaz , sana=40, a=0 (3.5)
™ Jo T
-1, a<0
we can compute
oo 2 3 2 n
/ M[cos(nx) — 2sin(nz) sin | cos(2kz)dr = J ik), (3.6)
0 T

where the function

1
fn(k) = 2sgn <2k—n+ )+25gn< 2k—n—|—2>—sgn (—2k—n+2>+

3 3
+ sgn <2k:—|—n—|— >+Sg ( 2/~c+n+2>—sgn <2k—n+2>,
k € [0,+00) (3.7)

is supported on a bounded interval k € [2 — 2,2 4+ 31 N[0, +00) (see Figs. 1 and 2).

Judging from Fig. 1, it is clear that whenever n — % € (1,400) \ Z, there are at most two
terms in the series expansion for the Poisson kernel (Eq. 3.3) that can have a net contribution
to the integral I(m,n). Specifically, when n € (2k — 3, 2k + %) N(3/2,+00) for a given integer
k € Z~y, only the term cos(2kx) matters, which leads to

2fu(k ~1\" 1 ~1\" 1
I(m,n) = Julk) (Vi = vim ; (3.8)
4 vm+1) /m vm+1) /m
when n € (2k+1— 3,2k +1+1)N(3/2,400) for a given integer k € Zo, the terms cos(2kz)
and cos[2(k + 1)z] both come into play, which results in
2n(k+1) (Vm—1 ’““+2fn(k) vm—1\"] 1
4 Jm+ 1 1 \Um+1) | Vm
B <\/m—1>’““_<\/m_1>’“ 1 __<\/m_1> 2
| \Wm+1 vm+1 vm o \ym+1) ym(l+/m)

So far, we have confirmed Egs. 3.10 and 3.11 under the additional constraint that n > 3/2.

I(m,n) =

(3.9)
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FIGURE 2. Two atypical plots of f,(k) as a function of k € [0, 4+00). We note
that for varying values of n € [0,3/2), the actual value of f,(0) doubles what
is anticipated from a naive horizontal translation of the plot in Fig. 1.

When 0 < n < 3/2, we will need to cope with the k = 0 term (i.e. the leading constant “1”)
in the Poisson kernel expansion. The leading constant “1” is exactly half of the value “2” that
precedes each cos(2kz),k € Z~( term in the Fourier series expansion; in the meantime, the
actual value of f,(0),0 < n < 3/2 also doubles what would come from a direct extrapolation
of the f,(0),n > 3/2 scenario (see Fig. 2). These two rescaling effects cancel each other, so
the validity of Eqgs. 3.10 and 3.11 remains unshaken for 0 < n < 3/2.

Finally, the identity f,, (k) = lim__ o+ M brings us I(m,n) = I(m’n+0+);l(m’n_0+),
as claimed. O

We note that a similar discussion can be carried out for n < 0. We record the results in the
theorem below, and leave the proof to interested readers.

Theorem 3.2. When —n € (2k — 3,2k + ) N (0,+00) for a given integer k € Z>o, we have

L) = 2 /oo sin(z/2) cos(nx)' —2 2sin(nz) sinxdx _ Jm—1 ko im0
T Jo x msin® x + cos? x ym+1) ym

(3.10)

when —n € (2k +1— 1,2k +1+ 1) for a given integer k € Z>o, we have

k
Jm—1 P

I(m,n) =+ . Ym > 0; 3.11
mo=+(F51) Tmrevm (.11
when n — % € Z<op, we can compute I(m,n) = I(m’"+0+)gl(m7”*0+). 0

Specializing to the case m = 5, and combining the results for I(5,n) and I(5, —n), we obtain
the following integral representations for the even and odd terms in the Fibonacci sequence:

2n .

2 x 5sin?z + cos? z’

™

: (3.13)

T x 5sin? z + cos?

1 (\/5+ 1>2n+1 N 4 /oo sin(z/2) sin[(2n + 1)z] sin zdx
0

where n € Z>.
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